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PREFACE TO THE FIRST EDITION. 



The following treatise is not a mere reprint, but . 
may be regarded as a new and modified edition of my 
Elementary Treatise on Statics. The structure of the 
book has been considerably changed, and I have given up, 
in deference to the opinion of several friends, the conver- 
sational form which I adopted in my former work for 
purposes of explanation. Doubtless there were disad- 
Tantages attaching to the method which I then employed, 
but I am bound to say, that in abandoning it I have felt 
that there were also advantages for the loss of which I am 
not sure that I have been able to compensate. 

No addition of any importance has been made, with the 
exception of the appendix to Chapter vii, on the Principle 
of Virtual Velocities. This appendix can be either read 
or omitted by the student at the option of his tutor. 

I have adhered to the division of the subject into 
experimental and demonstrative Mechanics; I believe 
that this mode of treatment is very advantageous, and 
that eyen those students who are intending to proceed to 
the higher branches of Mechanics and to higher modes of 
treatment will find considerable advantage in regarding 
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the elementary principles as in a certain aenae cnpiil 
experimental ddinonstratioa, aiid in knowing mecfai 
truths not only as the results of mathematical reaai 
but as tniths famiiiarlj exhibited to the eye. The ( 
lent apparatus devised by Professor Willis, and rof 
to in the note of p. 11, makea the experimental treat 
of tho subject possible and easy for every Lecture-E 
and I think that the duty of dealing with tho sciei 
Mechanics in this way, of course in subordination 
genuine mathematical treatment, camiot be preesei 
stroi^ly upon all teachers and lecturers. 

Tos Dusoiv. Ely, 
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CHAPTER I. 
INTRODUCTORY. 



IN the following elementary treatise it will be 
assnmcd that the reader is acquainted with 
I'lmie Oeometry bh found iu Euislid's Elements, with Al- 
iwbra, and with Plane Trigonometry. It would be possible 
t'l gain some knowledge of Meclianice without having first 
viudied the latter two branches of pure Mathematics, but 
it in 90 Tery muuh to the advantage of the student to post- 
\'ine his entrance upon mixed Mathematics until he has 
bei^DDie familiar with the elements of the subjecte just men- 
tinnod, that I shall assume him to liave adopted this onlor 
offltiidy. 

2. Having spoken nf pure and mixed MathematiHi, let 
Die explain what is meant by the terms, and point out the 
liiitioctioii between these two great brandies of science. 

Pure Mathematic! are concerned with the conceptions 
if Hpace and number, or apace and quantity. Geometry is 
the science of space. Algebra that of number or quantity. 
Trigonometry, ae usiially treated, combines both space and 
quantity. All tiie higher branches of pure Mathematics 
' wive the same conceptions, and may in fact be classed 
'm oa Q«ometrical or Algebraical, or as partly Geome- 
llAnd partly Algebraical. 

i Malhematirg is the term used to include all 

es, in whicti mathematical reasoning is employed 

ptjons other than those of space and nmiiber. 

mple: Mechanics, or the science of Force ; Optics ; 

.tatks; Astronomy. 

L^TbiB tuperior difGculty of this latter c1b«b of sciences 

i'Mreeivod at once. Geometry is made ta isojessA 
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u)j»ii ili'lihitJiiiH 0.11(1 HxiDiiiH, the moaniitg and IJie trntb i 
M'hicli arc c^i^ily etxa. Tliero is no difficult; in undeistu)^ 
what ia inoaut by !i triniigle, a circle, a paraUelogran; 4 
mind easily grants that the whole ia greater than itaiM 
that if equals bo added to equals the wliolea will be 
that two strait lines cannot include a space, and 
The definitiuns and axioma of number are more i 
still. But when we wish to reduce the science of force 
mathemutical calculation, it is not so easy to deriw i 
iinitioDa and axioms upon which we can rea^o 
i» force 1 bow is its cBcct to be measured 1 what v 



4. It will be the purpose of the following pag» 
answer these questions ; that is, to show how mw^ani 
problems, or problems inTolving the conception of Carc%< 
bo reduced to mathematical reasoning. Lot mo iutrad 
the subject by observing that the science of meoluu 
divides itself into two groat branches. If I throw ft 1 
into the air, it is a mechanical problem to find the [ 
which the hall will describe, the time which will elapso 
fore it strikes the ground, the manner in wliich it will 
bound after striking, the path which it will deecribo a 
the rebound, and so on. This woiUd be called a etyaam 
problem, and beloiiga to the more difficult branch of I 
subject. There are much easier problems: for exnioi 
I take n steelyard and suspend a weight f^om its shci 
arm, and another weight from its longer arm, and it\ 
niochauical problem to find the proportion of the irtat 
when the arms are given, or the proportion of 0»U 
when the weights are given. This would be oalleq 
tlalical problem. The fundamental distinctiDn is, thql 
the former case we have molioTi, in the latter we h 

5. In the present troatiso wo shall ho concerned c 
with the simpler branch of Mechanics, wliich is caj 
Staiia : that is, wo shall be conoomed with problem^ 
wliicli the forces are ao balanced one agiunst another t 
they do Dot produce any motion. 

It vrill be observed, however, that although in th 
probleuia with which we shall he engagud there bo no i 
Uon, thci'o is a tendency tu motion. A book upon a ta 
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-Iocs not more, becauso it is supported by tLe tnblc ; btit it 
'■»aa a teiidency ki move, and wwilii mute, if tlio tiibic wvi-o 
^■aken awaj. If I puah against a heavy block of stone, I 
*luil! probably not move it, because the friotion will be bo 
^Kreat as to prevent it from moving ; but it has a teiuieney 
Jo move, and would move, if I were strong enough to move 
*ti. Hence ice define force by r^erertce to motion, lif 
tendency to motion; and we say that. 

Any cau»e tehich produces or tends to produce motion 
* I a body ii called farce. 

6. Tbis is tho foniuti defiiiition of force, and applies 
Equally to Statics and Dynamics. Now lot me say a few 
"^ords npon the meaning of the terra body, which oceurs in 
the definition. 

Wo describe all things which are the objecU of oui' 
**«iae«, as wood, lead, water, air, &e. under the name of 
'*natter, and any portion of matter whether latge or Email 
i« called a body. If the bodi/ be inconceivably small it is 
Called a particle, and a body may be regarded aa made up 
of particles. Every particle is a body, hut all bodies ara 
not necessarily particles. In all cases in which we speak 
of the action of a force, it is necessary to suppose the exists 
ence of a body upon which the action takes place. 

7. The nest point for our consideration is the metliod 
of meaaurit^ a force. In statics, as I have said, forces dii 
not produce motion, but counteract the effect of each otlier 
so as JDst not to produce motion. We shall not he able 
Uiereforo in statics to measure a force by any reference to 
tliQ motion which it will prodaco in a given body; we must 
measure it by comparing it with some known or standard 
f i-ea Hothing can be more convenient for this purposo 
iliLin a given tceig/U, Take for instance a weight of 1 lb.: if 

I'orce will just lift this weight, the force may properly bo 
k'^L-ribod as a force of 1 lb. If it will just lift two such 
weights fastened together, it may bo described as a force 
'if 2 lbs.: and so OB. 

And generally, if a force is just capable of tifttng it 
wuight of /"lbs., it is called a force of Plbs., or mora 
■"iLortly, a force P; and a force just capable of hfting a 
wt'ight of Q lbs. is called a force Q. Whenever therefore in 
tliis treatise on Statics, the reader finds a force denoted 
I 't? a letter of the alphabet* aa ^, Q, B, &c, he will undi»- 
\— 1 
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stand that those letters repreaeut numbers, and thai 
numbers are the numbers of pounds which the ft 
are respectivelj capable of jnat lifting. 

8. He nil! understand also that it is for conrenii 
and not of necessity, that reference is made to weight, 
standard bj which to measure force. Instead of takiB 
the unit of force that force which will just lift a wdg^ 
1 lb., wo might take liie force which would jost bre 
given beam, or just bend a given spring, but it ie mai 
that this would not be bo convenient a. method. 

9. In order to describe a force something else ma 
given beside the number of pounds which it will ju»t 
Two horses of equal strength move a carriage because 
are hamegsed in such manner as to p'.ill in paralle 
rections ; if thejr were harnessed on opiHwite sides at 
carriage, so as to puU in opposite wapi, the carriage it 
not move ; and yet they might be exerting precisely tto I 
amount of force as before. Hence to know the re^ ( 
of a force, we most know not only its magnitude, bat 
its direction; not only the intensity with which it ] 
but the direction in which it tends te make the partid 
wliich it acta move, and in which the particle nonld 1 
to move if not hindered. 

And not only must wc know the niBgnitudo and direi 
of a force, in order to know its real effect, but it is ea 
satisfy ourselves tliat there is nothing else connected w 
force that we can know. If we know the maguituds 
direction, then we know the force completely. 

10. Hence a very convenient mode of rcpresei 
forcea suggests itself, which will be used continually thro 
out this treatise. 

In order te determine or dcscrilie a. finite strmght 
it is necessary that wc should know coneoming it juat 1 
two things and no more, which have been described as ni 
sary iu the cose of a force. We must know the raagni 
of the straight lino and its direction, and wo then li 
everything. It is clear therefore that we may take a I 
straight line to represent a force : the direction in w 
the etnugbt line is drawn will shew the direction ol 
force, and with regard to its magnitadc it will onl; 
necessary to agree tliat a certain length of line shall n 

ft a certain nmnunt of force ; as for uutaiiee, that 1 
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'ahftll stand for 1 lb, ; aud then bj meosuriDg the lint 
^ihall know how many puunda it ia intended to represoiit. 

11. Thifl method t>f representiug forces, which in of in- 
"•finite uae in mechnnicB, is vs\\v\ representing forcta goii- 
'metricaUy. I will ondoiivour to describe it more precisely. 
' Let AB represent in magnitude and 

direction a certain force P. Then P A H 

stands for P lbs., and if wo ngreo to ro* 
'present a pound by an inch, AB must contain P inchcfl. 

Moreover the position of AB on the paper repreaeutg P'& 
' direcUoD, or (as it is sometimes called) f Am lin« qf F'ji aetiov . 
'There is nothing however iu this representation to shew 
'whether the force is acting from A towanls B, or from B 

towards vl. This deficiency in the representation maybe 
' auppliod by the introduction of an airow- 

hoad, as in the annesed figure, in which T^ — ■ *^ 

tile force ia supposed to act npnn ft particle 

at A, and to tend to make it move from left to right across 



thus the annexed figure would represent V *"' 

a force P, tending to make the particle 

at A move in the direction of the arrow-head. 

12. This method may be further applied t<3 represent 
two or more forces acting upon the same particle. Thus 
the particle A may be under the action p 

of two forces P and Q, acting in different ^^.^-^ 
diroctionfl, and we should represent tliia Jl~~---...^ 
state of things by such a figure as is hero ^^^^'^j . 

given. And so on fiir any numlwr of 

13. The repreeenttttion here given of two forces acting 
on the same particle introduces us to that which is the 
fundamental problem of Stotics. It is manifest that two 
forces acting on a particle as in the last figure cannot pos- 
sibly counteract each other, cannot produce equilibrium. 
Motion would onano ; and such motion cannot be prevented, 
except by the action nf some third force. Of course two 
equal forces, if they act in opposite directions, can keep a 
particle at rest, or in equilibrium ; but in vw otWc esafc ""^s. 
this possible; in general there muat >io tlLreo 1wcw» '^^ 
\east, in order tb&t a particle may be tegt \i'S ^bsaii "* ' 
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action in eqnilibrinn!. Then suppose we Lave two fnrce 

P and 6 acting upon a 

purticle A, and snppofie t.-^ ^_,.>^ 

tliat the particle wouid N^ -^^ ^ 3 

l)egiii to move in the ddrec- ^J ^^ 

tion AX; produce AX '^ 

liackwards to N, and suppoao AN to be a string made h 
at N; tlien it is evident that the particle cannot move 
al] ; and therefore it will be possible to find a force R, whi 
acting in the direction ^JV will count«ra,ct the combin 
effect of the forces P and Q, Thna it is clear tbat tiu 
forces may be found to lieep a partiGle at rcet ; and tliat 
two forces be given, a third may always be found which bI) 
counteract the effect of the cither two. The diacovery 
tlie magnitude and direction of this third force, which n 
counteract the effect of two ^ven forces, is the fiindamenl 
I>roblem in Statics. 

14. There are two methods of solving this problq 
The one by reference to experiment ; the other by mati 
niatjcal demonstration depending upon axioms after ' 
manner of geometry. This latter is the true acieut 
method ; but there is considerable advantage to be deril 
from treating the subject in the first instance espc 
mentally; the reader will find himself iamiliarized by \ 
experimental treatment with the new conceptionB bdongi 
to the subject, before he faas to deal with those concqitit 
in their more abstract form ; he will know in fact diB^nCi 
what it is that he is required to prove mathematically, 1 
fore he is called to the effort of following and understand 
the proof. 

)5. I say the reader; but I cannot refrain from taki 
this opportunity of reminding the Btudent, that he will fl 
lerilmff a ranch more effective mode of study than modi] 
Let him write out from the book several times any diffio 
jH^tposition, and he will find that he has gained mure kno 
ledge of the proposition than he could have gained ii 
much longer time spent in merely reading it. The metb 
of writing, which appears skjw and laborious, is in reality 
all, except a very few, an important economy of time a 
trouble. 

Ill, The next two Chapters deal with statical prinrapl 
treated experimeiitnlly. 




KPERIMENTAL MECHANICS. COMPOSITION AND 
^ KESOLUTION OF F0ECE8 WHICH ACT AT ONE 
POINT, OR ON THE SAME PARTICLE. 



1. ^I^HE Biinplest case of forces acting at the same 

X time upon tlie same particle, ia that of two 

■£;)rce8 acting in such a manner as to lieep it at rest. 

T It is evident that a particle under the action of two 

I forves cannot be at rest unless the two forces be exactly 

»1 in magnitude and opjmsito in direction. Let us d&- 

1 by P and Q two forces acting upon a particle in 

wite directions, then for equilibriiun we must have 

^=0 (1). 

orP-e-0 (2). 

If the forces P ami Q be not equal, the greater will 
_^nderate; and the particle will be under eiactly the 
)U6 drcumBtancea as if it were acted upon by the excess 
t the greater over the smaller force. For instance, if a 
Jirticle be acted niwn by n force of 6 lbs., tending to draw 
Efiroin loft to right across the leaf of this book, and by a 
:0e of 3 lbs., tending to draw it from right to left, the 
rtide will be under exactly the same circumstances as if 
e acted upon by a force of Slbs,, tending to draw it 
■I left to right. In this case the force of 2 lbs. is said to 
K^fi resultant of the two opposite forces S lbs. and 3 lbs. 
e gena^Uy, if the two forces P and Q act in opposite 
,_ctiona, and P be the greater, P-Q will be the retuK- 
l( of JP and Q, and will tend in the same direction as P. 
o rwul^o' of these two forces may bo denoted by R, and 
ie BhttU then have 

P-Q=R (3). 
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It is evident tliat if P act upon the particle and tend tx 
draw it in one direction, and Q together witli R tend t 
draw it in the opposite direction, the particle will be s 
test 

If P and Q tend to draw the particle in the same d 
rection, and we call S their resultant, wo shall have in lib 

P+Q=R (4). 

And generallj, if a particle be acted upon by any nun 
ber of forces P[ P, P, ...tending to draw it in one A 
rection, and by any number QiQ,Qi-- tending t« draw i 
in the opposite direction, and we call ii the resultant, n 
shall have 

r,+P, + P, + ...-Q,-Q.,-Qi-..- = E (S). 

3. It 19 frequently convenient to use a synib<d for 
force, which shall indicate not only the magnitude of ti^^ 
force, bat also the direction in which it acts. Now in Trig 
nometry we make use of the signs + and — to indicate ti 
directions in which straight lines are drawn, and very grei 
advantage is derived therefrom. If 
we take a fixed [mint A, and draw a jy X ! 
Btraight lino AB of length o in a 
given direction, and then draw a straight line AS" of tl 
tame lei^th (a) in the eiiaetly opposite dirocldun, we dJ 
tioguish AB fh)ni AB' by calling AB + a, and AM" — i 
It is quite unnecessary to explain to nny person, who 
acquainted with Trigonometry, the renmrkable simplid: 
and generality which is given to fornmlie by this metliM 
Suppose then we adopt a Gunilar convention respectiu 
totem ; that is, if ^ be a particle acted upon by a force J 
tending to move it from A towards B, let us denote th 
fiirco by + P, and then we can denote by — P an eqiu 
fbrco tending to move the particle from A towards B"- 

4. We cnn by this convention enunciate, in a very net 
"jfld simple form, a proposition which expresses the nde U 
fusing the resultant of any number of forces, acting up( 
^tftrUcle 4ong the same straight line, but some traiding I 
l^^it in one direction along the straight line, and otliei 

J*" ,jt iti the exactly opposite direction ; for we ma 
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) rendlant qf any vumber qf /orcef /taring tlis '^ 
_ 9 titia qfoction ii tim alrfsbraicai mm 0/ the forces. 
Pi Or if wo denote by PiP,Pj... any Dumber of forces 
tcdng in the same lino, anil by It thoir resultant^ and if 
P^PjJ'g ... represent txiaitive or negative quantitJeH as 
iiB cose may bo, wo shall haye 
I Pi + P, + P, + ... =n (fi). 

BL We may further make use of tJio convention cnti- 

Kiug positive and negative forces to enunciate the 

^^al condition of equilibrium of cuiy number of forces 

icting upon a particle and having tlie same line of action; 

nr we may say, that under such circumstances thi particle 

eillbe at reel if the alff^iraical »um qf t/ie/orcee be zero. 

G. The term retullanl, wliich we have used in this 

ery simple ease, is one of much more general application. 

Whatever forces may act on a particle and in wliatever 

lirectiona, they will be equivalent to one single force ; for 

ief be not such as to keep the particle at rest, or to 

loe equilibrium, the particle will begin to move in a 

a direction, and it can be prevented from moving by 

le foree acting upon it in the exactly opposite direc- 

call the force which is just sufficient for this purpose 

Ri ifi is in equilibrium with the whole system of forces ; 

i it would be with a force li applied in the direction 

h the particle would begin to move ; consequently 

'o system of forces is equivnleut to oue single force 

g in that direction in which the particle would 

to move. And R ia therefore termed (As reniillant 

iktif ffiTens. 

The general problem of Statics may be said to be, 

1 the resultant of any system of forces. The problem 

\ Kinptifled by supposing the lines of action of all 

;es to lie in the same plane, wliich for clearness of 

s we will suppose to be the plane of the paper; 

BIB limited case we shall confine ourselves. It will 

If bowever, that notwithstanding this limitation tlie 

l^vhitdi we shall arrive will be applicable to u verj 

ISH of interesting questions. Our first step muU be 

e tliis problem : Given the magnitude and direction 

ferOM (P and <2) which act upon a particle, to ' ' " " 

■f resultant (S), Or, yibich ia 
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that if P act upon tbe partiulo and 
draw it in one diredion, and Q together witli R tend b 
the opposite direction, the particle will bo a 

If P and Q tend to draw the particle in the same di 
recdoD, and we call S their resultant, we shall have in lib 

P + Q^S (4). 

And general];, if n particle bo acted npon by any onoi 

ber of forcea P, Pj Pj... tending to draw it in one (fi- 

rectioD, and by any number Q, Q, Qj . . . tending to draw it 

the opposite direction, and we call R the resultant, no 

shall Jinvc 

r, + P^-hP:,-l- ...-(i,~Q,-Q^- ... = It (5). 

3. It ia frequently cooTcniont to use a symbol ftw 
force, which shall indicate not only the magnitude of til 
force, but also the direction in which it acta. Now in Trigi 
nometry we make use of the signs + and — to indicate U 
directions in which straight liuca are drawn, and very grei 
advantage is derived therofrom. If 

re take a fixed point A, and dra,w a jy J j 

itraight line AJi of length a in a 
given direction, and then draw a straight line AB" of til 
■ame length (a) in tho exactly opposite direction, wo di 
tiuguish AB from AB' by calling AB + a, undAB' — t 
is quite uniiocessary to explain to any person, who 
acquainted with Trigonometry, tho remarkable simplidl 
and generality which ia given to fomiulaB by this methw 
Suppose then we adopt a similar convention respectinf 
forces ; that is, if ^^ be a particle acted upon by a force P 
tending to move it from A towards B, let us denote tha' 
forco by + P, and then we can denote by — P an equal 
'wco tending to move the particle from A towards B'. 

4. Wo can by thb convention enunciate, in a very nest 
ad umple form, a proposition which expresses the rule f« " 
■tding the resultant of any number of forces, acting upi 
., ^de along the same straight hue, but some twdinK 
^ -it in one direction along tho straight line, and othei^ 
™^%o.it ia tho exactly opposite direction ; for wo may 
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27ie retvllant if any nanAer qf foreen hating the ■ 
tame tins qfaelionis the algebraical turn, i\f the/oreet. 

Or if we denote by P,P,Pg... any number of forces 
acting in tbe eanie line, and by R tbeir resultant, »nd if 
J',PjP, ...repreBeot positive or negutivo quandtiea as 
IJie case may be, wo ahoil have 

Pi + P, + Ps + ... =S (6). 

5. Wo may further make uso of the cnnventinn coa- 
ccming positiTO mid iiegatavo forces to enunciate the 
general condition of equilibrium of any number of forces 
acting upon a particle and having tlie Hanie lino of notion; 
fur we may say, that under such circumstancsB the particle 
foill be at rest if the alg^raical gum of the forces lie zero. 

G. The term reiullant, which we have used in this 
Tery aiuiple case, is one of much more general appUcntion. 
Whatever forces may act on a particle and in wliatever 
direction;^, they will be equivalent to one aingle force ; for 
if they be not auch as to keep the particle at rest, or to 
produce eqnilibrium, the {Mrtivle will begin to move in a 
certain direction, and it can be prevented from moving by 
a single force acting upon it in the exactly opposite direc- 
tion ; call the force winch is just sufficient for this purpose 
/i, then A is in eqailibrium with the whole eystem of forces ; 
but BO it would be with a force R applied in the direction 
in which the particle would begin to move ; eouacquent^ 
the whole ayBtem of forces ia equivalent to one single force 
Jif acting in that direction in which the particle would 
begin to move. Aud Ji ia therefore termed t/te rexiiUant 
lifthe r^ilem nf forces. 

|. 7- 1^ general problem of Statics may be said to be, 
■Kftod the resultant of any system of forces. The problem 
^nnch iimpUGed b; supposing the linos of action of ail 
flp^ircea to lie in the same plane, which for clearness of 
inception we will suppose to bo the plane of the paper ; 
and to this limited case we shall conHne ourselves, It will 
be found, however, that notnith standing this limitation the 
rc«ult« at which we shall arrive will he applicable to a. verj 
targe claaa of interesting questions. Onr first step niuM bo 
to solve this problem: Given the magnitude and direction 
Iff two forces (P and Q) which act upon a particle, to ' ' 
mioo tboir resultant {R). Or, wbicli ia ' 
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It is evident that if P act upon the partacio and tond 
diuw it in one direction, and Q together with R tend 
draw it in the opposite direction, tJie paiticle will be 
rest 

If P and Q tend to draw the particle in the Bain 
rection, and wo call R their resultant, we ahail have i: 

P+Q^R (4). 

And generally, if a partido be acted upon by any 
bor of forces P, P, i*,... tending to draw it in one 
roction, and hj any number (?i (?i Qj . . ■ tending to dm! 
in the opposite directiou, and we call B the resulta]tl« 



Pi+P,+P,^:-Q,-Q,-Q3--^R- 



.(5). 



3. It is frequently convenient to use a symbol ft 
force, which bIioII indicate not only the magnitude of' 
force, but also the direction in which it acts. Now in Tt 
nonietrj we make use of tlie signs + and — to indicate 
diroctioua in which straight lines arc drawn, and very gl 
advantage is derived therefrom. If 

WB take a fixed (wint A, and draw a if "J 

straight lino AB ot length o in a 
given direction, and then draw a straight line Aff of 
Rorae length (a) in the esatitly opposite direction, we < 
tjnguish AJJ from AB" by calling AB + a, and AB" - 
It is quite uimeocasory to explain to any person, wh< 
acqimnted with Trigonometry, the remarkable simpli 
and generality whieh is given to formulie by this metb 
Suppose then we adopt a similar convention respect 
forces -, that is, if ^ be a particle acted upon by a foTM 
tending to move it from A towards R, let us denote 
force by + P, and then wo can denote by - P an « 
furoo tending to move the partiule from A towards B". 

4. We can by this convention enunciate, in a very i 
j^d simple form, a proposition which eiproases the piil& 

f ding the rcsiiltint of any nimiber of forces, acting ^ 
„n ir^clu along the same straight line, but some tondiuj 
truub'' '° '^"'^ direction along the straight line, and oth 

llj " K *" ^''° """^'■'r "PP^'to dirwtion ; for 
treated espe. 
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\ The retuitant qf any number qf fnrixs hating the \^ 

IjtlM line tff action it the algebraieat turn qf the fori 

W Or if we denote by P^P^P^.., any number of forces 

acting in the same line, ami by R tlieir resultant^ and if 

-PiPiPj ... represent positive or negutive quautitiea a 

the caee may be, we ahatl haTO 

Pi+Ps + P3 + ... =« (S). 

5. We may fiirtiier make uao of Uio couvention con- 
cerning positire and negative forces tu enunciate the 
general condition of equilibriuui of smy number of forces 
acting upon a particle and having tJie eame line of action i 
for ne may say, that under auch circomstancee the particle 
will be at rest if the algi^aicid rwin of the forces be zero. 

6. The term retuitant, which we have used in this 
very simple case, is one of muuh more general application. 
"Whatever forces may act on a particle and in wliatever 
directions, they will be equivalent to one Hiiiglo force ; for 
if thej be not Huch aa to keep the particle at rest, or to 
produce equilibrium, the particle will begin to move in a 
certain direction, and it can be prevented from moving by 
a single force acting upon it in the exactly opposite direc- 
tion ; call the force which is just sufficient for this purpose 
Ji, then fi is in equilibrium with the wholesystem of forces; 
but so it would be with a force R applied in the direction 
in which the particle would begin to move ; consequently 
the whole system of forces is equivalent to one single force 
R, acting in that direction in which the particle would 
begin to move. And R is therefore tenned t/ie retullant 
vf the »y»tem if forces. 

7. The general problem of Sbttics may be said to be, 
to find the resultant of any ayslsm of forces. The problem 
is much sinipliSed by supposing tlio lines of action of all 
the forces to lie in the same plane, which for clearness of 
conception we will suppose to be the plane of the paper ; 
and te this limited case we shall conBne ourselves. It will 
he found, however, that notwithstanding this limitation the 
results at which we shall arrive will bo applicable toa verj 
liugu class of interesting questions. Our first step rouH be 
tfl solve this problem ; Given the magnitude and direction 
•if two forces (P and Q) which act upon a particle, to doter- 
miue their resultant {R). Or, whicti is Ua« 
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It is evident that if i* act apnn the pailicle and tend 
draw it in one direction, and Q together with R tend 
draw it in the opposite direction, the particle wiil b« 

If P and Q t«nd to draw ttio particle in tlio same i 
rettion, and wo call Ji their resultant, we shall have in li 



P + Q-fl... 



.. (A 



And generally, if a particle bo acted npon by any 
ber of forces i", i*, P3.-. tending to draw it Id on 
rection, and by any number QiQ^Q,-- tending to draw 
in the opposite direction, and we call Ji the resultant, 
shall have 



ri+P, + P^*-...~Qi-Q,-Q3- 



=--R.,. 



.(5). 



3. It IB frequently couTenient to use a symbol for 
force, which shall indicate not only the magnitude of 1 
force, but also the direction in which it acts. Now In Trij 
nmnetry we maltB use of the signs + and - to indicate I 
directions in which straight lines are drawn, and very gi 
advantage ia derived there&om. If 
wo take a fised point A, and draw a jy "X 
atraiglit line AJi of length a in a 
given direction, and then draw a straight line AB" of 
same length (a) in tho exactly opposite direction, wo 
tinguish AB from AB' by calling AB + a, and AS" - 
It is quite unnecessary to explain to any person, whi 
acquainted with Trigonometry, the remarkable simptig 
and generality which is given to fomiuke by this mcttii 
Suppose then we adopt a similar convention respect 
forcofi ; that ia, if ^ be a particle acted upon by a force 
tending to move it from A towards B, let us denote f 
force by + P, and then we can denote by —P an eq 
force tending to move the particle from A towards B'. 

4. Wo can by this convention enunciate, in a very n 
^d simple form, a propottition which expresaos the rule 

f ding Uie resultant of any number of forces, acting uj 
1^1] xrtiulo along the same straight line, but some tending 
. ' J it in one direction along tho straight line, and oth) 

I ^' - jt in the exactly opposite direction ; for via 
treated expo. 
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Hr7%« retultant fif any number qf force* hating the ,, 
^pne line tff action it tfi« alf/ebraieai tmn. ijf Ihe/orces. • 
B Or if we denote by PjP^P^... any number of forces 
acting in the same lino, and by R thuir roBiiItftiit, iknd if 
A-fj-^'a -..represent positive or negative quantitiea ns 
the case may be, we ehail have 

Pi + Fs + -Ps+... -« (fi). 

5. Wo may further make use of the convention con- 
cerning positive and n^ativo forces to enunciate tho 
general condition of equihbrium of any number of forces 
acting upon a particle and having the same line of action; 
for we may say, that under such uircum stances t/ie particle 
Kill be at rett if the alffebraical eum of the forces be zero. 

6. Tho term reiulla.nt, which we have used in this 
very simple case, is one of much mure general application. 
Whatever forces may act on a particle and in whatever 
directioua, they will be equivalent to one single force ; for 
if they be not such as to keep the particle at rest, or to 
produce equilibrium, the particle will begin to move in a 
certain direction, and it can he prevented Irom mining by 
a single force acting upon it in the esnctiy opposite diree- 
tjon ; call the force which is just sufficient for this purpose 
li, then ^ is in equihbrium with tbe whole system of forces ; 
but so it would be with a force li applied iu the direction 
iu which the particle would begin to move ; consequently 
"evcholo system of forces ia equivalent to one single force 

"a that direction in which the particle would 
ive. And Ji is therefore tenncd (Ae resultant 
_ n If force*. 

"nte general problem of Statics may be said to be, 

i the resultant of any system of forees. Tho problem 

\ gimpli&ed by supposing tlie hnes of action of all 

ns to lie in the same plane, which for clearness of 

ion we will supjioso to be the plane of the paper ; 

O thia limited case we shall conRne ourselves. It will 

i, however, that notwithstanding this Umitatiou the 

■■ at which we shall arrive will be applicable to a very 

jua of interesting questions. Our first stop muH bo 

« this problem : Given the magnitude and direction 

CBS (i* and G) which act upon a particle, to deter- 

( reaultant (R). Or, which ia ttve iam« 'Oclyo^, , 
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CKren that tlirce forces acting in tlie same plane 
particle keep it at roat, to find the rolalione ivbidi 
amongst thu magnitudes aud directions of the thn 
forces. 

S. Now in considering the ca^ in which a partidew 
acted npon Lj forces having the some line of aetjon, 
were able at once to deduce our results bj reference to 
simplest principles : but the problem with which va 
now concerned does not admit of ho easy a solution. Th 
are (as I have already observed in the preceding dtap 
two modes of solving it; we maj either have recount 
experiment^ or we ma; demonstrate it raathematicaUj 
means of certain axioms concerning force. At {weseot 
shall be concerned with the former method. 

9. AVe might commence with some experiments fori 
purpose of determining the relations, which the regnlb 
of two forces g^ven in magnitude and direction wilibMir 
the forces themselves ; but it will be more simjde to W 
ciate the result at which mathematicians have orriroA 
the form of a theorem, and then shew how the t*-"" 
may bo experimentally verified. This theorem is 
called the Parallelogram t\f F<rri:e», and may be enu 
as follows ; 

If two force* acting upon a particle be repreMTtUd 
magnitude and direction ^ tico utraight Una (h^ 
from the particle, then the diagonal qf the paratldafft 
de§eribed upon theie two ttraighl lineg wilt reprttSKt, 
regidtant in magnitude and alto in direction. 

Suppose, for instance, that A is the particle, and l6 
be acted upon by a force represented in magnitude i 
direction by AB, and by another ~ 
force represented in magnitude 
and direction by j1(7; complete 
the parallelogram A<JDJi ; Uieu 
the resultant force will act in the 
direction .i*Z>, and will be repre- 
sented by .^i> in magnitude. Bo 
tliat if wu produce AD backwards to ly, and make ^ 
equal to AD, then AB, AG, AV, will 
forces in equilibrium upon the particle A. 

1(1, We shall now explain a method 
})crinicDt the truth of this theorem. 



ile^. ] 
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Let A and S be two small wheola tiirniDg upon liori- 
Rontttl pivots inserted into r, ver- » 
t-ical board. The wheels must bo 
C!»refiilly conBtrncted, ho as to 
!^«-Toid frictioii aa much as poMible. 
i-rtit P, Q, R he three weighta 
=xttached to the extremities of 
tliree silk corda, the otlier extre- 
1 tiitiea of which ore aJl knotted 
t:-<igether in one point C*. 

Now let the cords aupporting two of the weights, as P 
^nd Q, be made to rest upon the wheels A and M, ae in 
t )je figure, and let tlie weight Ji hong from the point C 
Ihen it wDl not be difficult to arrnnge the system in sncli 
^ manner that it shall rest as represented in the figure ; we 
Ijare therefore the point C kept at rest by three forces 
a.[iting in the direction of the three cords. 

And these three forces will bo menaured by t!io three 
Veights P,Q, R: for the effect of the wheels A and B is 
fnegSecting any effect arising from friction) merely ta 
cliange the direction of the strings ; that is, the force which 
iiiUBt be applied at (7 in the direction AC in order to snp- 
jMirt the weight P must bo a force wlioae measure is P- 
The point C is therefore kept at rest by three foreoa P, Q, 
R acting in the directions of the three cords, which support 
I Haa weighta P, Q, and R respectively. 

:' Along CA measure a line Cp containing as many inches 
^liere are ounces in the n'eight P ; and along Cli a line 
■fiontajning as many inches as there are ounces in Q ; 
^dete the parallelt^ram Cprq \ and join Cr. Then it 
fl be found that Vr is sensibly in the direction of RG 
ooed, that is, Tertical ; and if Cr be measured, it will 
nnd to contain as many inches as there are ounces in 
he weight A. 

■ Sy Uieeo means, therefore, the Parallelogram of Forces 

VbeproTod, bo far as such a proposition can bo proved 

mimoDtiiUy: the more accurately the exporiments are 

% and the more tlioy are varied in tlieir circumstances, 

?r All Dtber cKp«riniflbtHl fTTiutratloTui or StatUvI prin- 

Jimend the apjwtaWs devtaed 1.7 I-rofaaor WilUi, «ad 

g be DbUIaod ham yiemn ElUott, Bmtlicn, Strand. London ; oi 
"■ a of Chester. 
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, BO much the more certain will they render the truth of Uie 
I proposition. 

II, Let us now teike a few illiiatrative esaniples. 
Ex. ]. SuppQBei' = 3Ibfl,, and Q=-Hba„ and the angle > 
Been tbem to be a right angle. Then it will be aeeo that ll 
nea representing P, Q, and R £orm a, right-angled triangle, m 
, therefore by Euclid I. 47, 

^ = i«+(3' = S + 16 = 25, 
• ■. ^=5. 
The angle which R makps with P is that whose cdsIdg ib j 
"6, which will ho found to be S'i" S2' 11" nearly. 

Ei. 2. Two forcea act on a particle, the angle between thii 
directiauB being GO"; to find tbs miigiutude of their I'esuttsnt. 

Let j> and Q represent the focccR; E the reault^ti then b 
the Bgure of page 11), 

AB=P, BZ) = ft AD=R, ABD = l!iO°~SAC=12(fii 

.-. ip=i»+G»-2Peco8ia(i" 

^i-' + Q'J + pe, since DOB 12n"=- J. 
Zic 3. Suppose ia the preceding example P^Slbs., QaiSlb 
.-. JP=4 + 9 + 6 = lB; 
.-. J!='yrH = 4-35801bH. 



a SAD- 



nd the direction of ii in the preceding example 
BD . ,„^ 3 . ,„^„ 3^3 



.-. 5^7) = 36" 36' 12", 
H wilt ba fuuiiil by help of a logarithtuic table nf aim 

13. Wlion by moans of the pamllolognun of forces * 
find a single force which is equivalent to two otliora, we ni 
■aid to cnmpauttd those foroea. And the iKtrallulograiu .1 
forces may be described aa tho ruk for Ihe eompotitiw \ 
/oreei. 

Conversely ne can by the same propositjon find t 
forces, which sliull bo equivalent to any one given fim 
wlion we du tilts, we arc eaid to regolee the force into tn 
others, or into two eompanenta ; so that the {Nirallulogra 
of forces IB soiuetuncs spoken of as the rtdej'or the eompt 
giliott and tviolutinn qfjorcei. 

If two coniponept forces bo given in magnitude 
direcUon, it is a determinate problem to find tho magnitudi 
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Brcction of their resnltont ; but if the magnitude and 
iSoii of one force bo giveu, it ia not a determinate 
em to find the two components of which it is the re- 
kt, since there are tta infinite number of pairs of forces, 
Hie composition of which the given force muy be con- 
1 to have resulted. If, however, it be required to 
ffO components in given directions from which a given 
. Bhall result, the problem can be solved. Thus let 
eprescnt the given force iu magnitnde 
fcroction ; AX, A Y the given direo- 
of the componoutfl. Draw BG, BD 
'lA to AY, AX respectively ; then 
!li> will represent the roagnitudea of A 

components required. A ^ j^ 

_ i^ajii, if one of the components be given iu magni- 
tnd direction, the other can be found. Thus, let AB 
(Sven force as before, and let AC be one of its com- 
ite; join 5P,and complete the pavalleli:^Tam.<lZJS6', 
AD will be the other componenL 

A force of 6 lbs. ia the resoltant of two forces, with 
a of which it makes respectively angles of 30° and is" : 
a magsiLude of each cumponent. 

10 preceding Ggare we shall hare 

Jfl=6, BAC=Ztl'', ABa=BAl}=i5' ; 



^C=Bx 



:n 45" 



4-3923 Iba. 



^0 = 20=11 , -r7i,=3-10581bs. 

Let the resultant bo 10 lbs., and let on 
bo T Iba., and make with the reiulCaut an angle uf (iO' 
other component. 

a Siime figure, we have in the trianglt 
4^10, AC=1, BJO=60", to fiod BC; 
.: B(7' = 10'+7'-2x10x7ci>b60" 
= 149 -70, since cos 60° = i 

.■.£C=V73 = 8'88321bs. 
It will further appear that the panUlelogram of 
ennblea us to find the resultant of any number of 
it upon a, Bingle particle. I'or 



I 



14. 
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to take two, Aiul find thoir resultant by the mle ; then v 
can conipoun<l tliis rosultmt with the third ; the next n 
sultant with the fourth ; and so on for any number. 

To represent tliis geouiotrically ; let ABy ACj AD, Al 
represent any forces acting on 
tlie particle A. Complete the 
ixirallelogram ABRiC, and^/?i 
will represent the resultiint of 
A B and A (7. Complete the pa- 
rallelogram AR^R^D, and AR^ 
will represent the resultant of 
ARi and AD, that is, of AB, 
AG ana AD. Lastly, complete 
the parallelogram AR^R^E, and AR^ will represent 
resultant of AR^ and AB, that is, of AB^ACj AI> and 

It is evident that this process applies equally 
whether the lines of action of the forces be all in the 
plane or not. 

We might, by means of the process here descril 
actually calculate the magnitude and direction of the 
sultant of any number of forces acting at one point ; 
method however would not be convenient, and we 
hereafter exphiin a process for finding the resultant^ 
same in principle, but much more easy of application. 

14. It has been observed, that a force may be resoh 
into two others in an infinite number of ways ; there % 
however, one mode of resolution which deserves partic 
attention. I refer to the case in which a force is resoh 
into two components in directions perpendicular to 
other. Let AB represent the given force ; and AXy A, 
two directions at right angles to each y 
other. From B let fall the perpendi- 
culars BG, BD on AXj A Y respec- 
tively; then since AGBD is a paral- 
lelogram, AG, AD represent the 
components of the force in the direc- 
tions AX and A Y, Denote the angle 
BAG by 6 ; and let R be the original force, X and Y iU 
two components. Then since 

AG=ABcosOj and AD=ABBm6, 
we have X=RcosO, and Y=RBm6. 
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Now the peculiarity of this case conmati in this, that no 
X Itat any tendenet/ to produce motion, iu other words, 
as no eSeot, 'in the direction perpmidicular to iU awn. 
B is evident from tlie very uature of force ; but the 
Ih of it is seen at once from audi a consideration as thifi, 
t a body placed upon a, horizontal table will be at rest, 
rever smooth the table may be. The body is acted upon 
by a force, namely, its own weight ; but thia teiidti to draw 
it downwards, and the tabic, beiqg horizontal, will not 
admit of any motion downwards ; (Consequently the body 
does not moTe at ail The pressure duwnwards is counter- 
acted by the upward pressure of the table, and these two 
are exactly eqnal and opposite. The effect of the bodys 
weight therefore is to produce a pressure upon the table, 
which is measured by the weight ; but it has no tendency 
to produce motion upon the table, that is, there is no 
component in the direction parallel to the surface of the 
table, or perpendicular to the direction in which the weight 

The same thing may be seen as follows. Let C be a 
ball having a string attached to it, and 
let AB be a smooth plane haying ii 



mity of the string ; if the string be 

ij perpendicular to the plane, it is 

ViouB tliat there will be no motion ; 

|(if otiierwiso, the ball will move along the plane in the 

tion of the slit If the string be perpendicular to the 

I, the force P will produce a pressure P upon the 

inc, and will have no component parallel to tlie pl;tiie or 

perpendicular to the string. 

Suppose however tliat the direction of the string is nut 
perpendicular to the pbine ; then 
I 'Motion may be prevented by a 
e acting along tlie plane j what 
be the magnitude of thia force 1 
pnsceding investigation will 

; to determine thia. For let 6 be the acute angle 

J direction of the string makes with the plane ; 

' toay be resolved mto two compunonts, P cos fl 

jjjto tite plane, and Paa6 perpondicuhix to it ; Lat 






And tJiB component P an 6 ivUl produce a pressi 
upon tLe pLme, having P sin 6 for ita measure. 

The componeut i' cos S ma; bo termed the raoli 
pari of P paisllel to the iilane ; and the preceding' exfj 
nation will enable us to form a very distinct notion of w| 
is meant by the reiohed part of a force in any givea i 
rection ; for it is measured by the force which is neceaaj 
to prevent the given force from producing motion in fl 
direction. And we have this general rulo, of which IS 
impoaHiblo to OTorestimate the importance, 7b ^fittd I 
refoleed part qf a force in anff given direction, fnx&d 
the expretsionjvr the force by the coeine of the aDfttl 
iwwa the given direction and that fflke giten force, j 

Suppose, for instance, that in the preceding figid 
P-4lte, and 6=60°; tlicu the resolved part of /'ftlol 
the plane, that is, tlie force iiocossary to prevent motlt 
along the plan 
upon the plane 



= 4 si 



.3 60° =2 lbs. And the i 
=2\/3lb3. 



Again, suppose a horse is drawing a weight up K U 
and for distinctness let the weight be 1 ton, and let i 
inclinatiou of tlic road to the horizon be 4° ; then Om\ 
solved part of tho weight parallel to the road will i 
) X Bin 4°, or 15G-25lba.; and if we n^lect the retDatuoM 
motion arising from the roughness of the road, this wilij 
the measure of the effort which must be mude by the h 
in order just to drag the load. Practically this res' ' 
may by no means be omitted ; it is called /rif (ton, a 
be considered hereafter ; but thooreticaJly, that is, si 
ing the road to be perfectly smooth, the horse would fa 
to esert such a force as would just lift 16f 
the resolved part of the weight perpendicular to^ and U 
fore supported bj, the plane will be 

1 ton X cos 4", or 2231'S lbs, 

rl, We shall return to the subject of tlie ConiposilS 
teaolntion of Forces, when we have demonstrated d 
lelogram of Forces indeiwndently of experimunt. 1 
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EXAMINATION UPON CHAPTER II. 

Define forc€f and explain how force is measured in Statics. 
. Distinguish between StcUics and Dynamics. 
. Explain the method of representing forces by straight 

Enunciate the parallelogram of forces, and shew how it 
be proved experimentally. 

. Two equal forces act upon a point, and the angle between 
directions is 60^ ; find the magnitude and direction of the 
tant. 

u A particle in the centre of an equilateral triangle is urged 
krds two of the angular points by forces each equal to S Ibis. ; 
the force whicli must tend to the third angular point in 
r that the particle may be at rest. 

f. A particle is acted upon by a horizontal force of 3 lbs. 
a vertical force of 4 lbs. ; find the direction and magnitude 
16 resultant force. 

3. If two forces act at right angles to each other, they and 

r resultant are proportional to the sides of a right-angled 

ogle. 

&. Three forces measured by 3, 4, and 5 pounds respectively 

p a particle in equilibrium ; determine the angles at which 

fact. 

10. The resultant of two forces acting at right angles to each 
iriB Rouble the smaller t)f the two ; find its direction. 

11. The resolved part of a force in any direction is found by 
Hiplying the expression for the force by the cosine of the angle 
n»n the direction of the force and the given direction. 

12. A weight of 1 1 2 lbs. rests upon an inclined plane making 
iffiglA of 80^ with the horizon: what is the resolved part of 
Vieigbt in the direction of the plane ? and what the resolved 
fc perpendicular to it ? 

IS. Is it possible for three forces in the proportion of 3, 7, 
11, to be in equilibrium when acting upon a point ? 

14. Three forces act at a point, and their directions make 
lee of 120^ with each other: shew that the three forces are 

iL 

15. The resultant of two forces which act at right ancles to 
\ other is 1 cwt ; and the direction of the resultant ifivides 
i^ht angle in two of 18<> and 72** respectively: find t^e <so«i- 
mis in lbs. 
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!6. If two forcea P and 
TesultMit R, and B be the niiglt 
^ then 



vZPQct 



i 

ibnnfl 



17. Threeforcenof 21bs. 71bB. and Slbn. A 
find tbs angle batwsen the directians of oach two of ttie foroeir]_ 

IS. The eqaare of the line repreBsnting the raaultant of n 

ea is greater ur leBS than the EUin of the Bituarea of the lin.. 
repieaenting the compoiieDtB, according as the angle between tU 
componenta ia acute or obtuse. 

i 9. The magnitude of two forces being 3 
and the angle between their direotiuaa 7^° ; ^d the nu^nitixU 
and direction of the reaultant. 



21. If P, e, 7i be three forces which prodnca equi 
upon a point, and if (PQ) denotB the angle between tbe iH 
of P and Q, then 



-.Q-.M:: 



InfQR, : 



n(iiP) , 



n iPQ). 



22. Three foroea acting at a point are in eqniUbrinni, l| 
direotiona malting with each other the angles 60", 135", » ' ■" 

-Bspectively ; find the ratioe of the forces. 

23. If two forces acting on a particle be in thi 
find the angle between their directions when the resultant ■ 

lean proportional between thetu. 

24. The reaultant of two forces cannot be an arithm 
lean between them, if one of tbe farces be more than thmtS 

■a great as the other, 

2.J. If three foroea bo in equilibriunt, any tv 
gether greater than the tliird. 




CHAPTER III. 

EXPERIMENTAL MECHANICS. THE PRINCIPLE OF 

THE LEVER. 



1. TN the preceding chapter we have treated of the 
A Composition and Resolution of Forces which act 
Bdl at one point, or of the conditions under which a single 
particle can remain at rest when two or more forces arc 
acting upon it. We shall now take the case of a body of 
any magnitude, which is acted upon by various forces, and 
shall endeavour to discover, by experiment, the conditions 
which must be satisfied in order that a body of this kind 
may be in equilibrium. But the problem in this form would 
be too complicated ; and we shall therefore take a simple 
case, from which afterwards it will not be difficult to pass 
to the more general. 

Our first simplification shall be this: instead of con- 
sidering the conditions of equilibrium of a body of any form, 
we will take the simplest form of body possible, that is, a 
straight rod, which, however, we shall suppose to be so 
strong as not to bend under the action of any forces applied 
to it 

Our second simplification shall be as follows: instead 
of considering the case of any forces whatever acting upon 
this stiflf or rigid rod, we will suppose it to be acted upon 
by only three, and we will suppose the lines of action of 
these forces to lie all in one plane. 

The system may then be represented as in the figure ; 
AB is the rod; P, Q, R are three 1^ 

forces, whose directions lie in the A 

plane of the paper, acting at three A | 15 

I)oints A, B, and G respectively; the / ^^ \ 

problem is to determine under what r S 

conditions the rod AB will be at ^ ^ 

rest. 

^—51 
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There ia yet one farther simplification wliich ^ 
make; and this eonsistB in supposing the three forces I*,i 
It to be parullel in direction, and that 
direction perpendicular to .4^; and the 
■y8t«m will then he represented by the 
figure; in which it wiU be observed, that 
we have represented one of the forces 
acting in a direction diametricallj oppo- 
site to that of the other two, as must evi- 
dently be the case, since equilibrium could not subsist if i 
forces all tended in the same direction. 

2. The problem is now in a form convenient for a 

rinjent • ; let a rod ABhe suspendeii bj ^ ^ 

a string, one extremity of which is at^ 
tacbed to the middle point C of the rod, 
and tiie other to some fixed point of 
support D ; now let any given weight, 
aa a weight of 1 lb., for instance, be sus- 
pended by a string from the extremity 
A, and let some larger weight be at- 
tached to another string which bymeanac 
wise, is capable of being suspended from any point 
arm BC; then it will he found that if this second weig 
suspended from the extremity B, B will descend untill 
three strings and the rod are all vertical, and by makingfl 
point of suspension more and more near to C, we sliaQ oV 
at la^t to a point from which, if the larger weight ittm 
pendcd, the rod if placed in a horizontal poaition n ~ 
main so. 

For instance, if the larger weight be 2 lbs., it y 
fonnd that the point E, from which it munt be suspe 
ia half-way between B and O ■ and in general, CB ti 
the same fraction of BC or A G that the smaller wei| 
of the larger; so that if we have two weights P t 
hanging by strings from two points A and E, a 
CA —p, and CE—q, we shall have 

P -.Qv.q-.r; 

nr, P.p^q.q. 

If wc coll the product of the weight P and the p 






The Principle of the Lever. 



21 

dicular upon ita string from C the moment of P about C, 
tliea wo iiiEt; exprosa the abovo relation bj sajing that l/i€ 
moment* qf P and Q aboai C are equai. 
a It wiU be found that if this con- 
ditioQ botneen the two weights and the 
distances of thoir points of siisptinaion 
from C be sattslied, the sfsteni will ru- 
Duun at rest when G is not horizontal ; 
in this case if we drop the periiendii.'ukrs 
CF, CG from G upon the Htriugs aup- 
poriing P and Q roapwtivoly, we have 
by similar triangles - "* 

GF : CA :: CG : CE; 
:. PxCF=Qy.CG, 
or the momenta of P and Q about C are still equal. 

4. In this exporiniental investigation tre have hitherto 
spoken only of the lieu weights anapondal from A and E: 
the third force acting on the rod ia the force exertod by the 
atring CDi and what will he the magnitude of this force I 
It will evidently be measured by the weight which it aup- 
pnrts, 1. e. the two weights P and Q and thu weight of the 
rod; if we omit the weight of the rod, then the force 
exerted by the string CZ>, or its Untian (as it is usually 
calhal), will be upwwda, and will be equal to P + Q. 

G. In cou»dering tho problem theoretically it ia con- 
venient to conceive of the rod AB as having nu weight, in 
'trAvr that wc may confine our minds to the two downward 
I'irces P and Q, and the upward tensicjn of the string 
i'+ Q, but practically of course AB has weight, thou^i it 
,090^ be very small; it was in order to ovoid the effect of 
' " kwdejit that we directed tho rod to be auspended by its 
"« point C, for if tliis be done it is clear that tho ex- 
tf A will have no more tendency ta descend tlian the 
y B, and therefore the weights P and Q twist the 
laely aa they would if it had actually no weight. 
The weights P and Q, which viff have been con- 
^ exert forces upon Uie rod AB in the ilirectiona of 
je by whicli they arc suspended ; now it i:* onay to 
9 bf obscaratioD that these strings arc parallel, at legist 
e temibly parallel ; also the string by which A li 
% exerts u force in itd owa iUi:ii>^ii,«luuL\& 
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parallel to that of the other two strings ; 
hence the preceding experimental inves- 
tigation teaches us the conditions, under 
which three parallel forces can be in 
equilibrium, when acting upon a straight 
rod. Let P, Q, B he the forces acting 
upon the rod AB, as in the figure, at the ' ^ 
points Ay By and C respectively ; then wo must have 

P^Q=B (1), 

B,nd FxAC=QxBa (2). 

7. The latter of these two conditions may be put under 

another form ; for if we write B — Q instead of P in (2)^ 

we have 

{B-Q)AG=QxBC, 

or BxAC=Q{AG+BC) = QxAB; 

i.e. the moments of B and ti about A are equal. 

In like manner it may be shewn, that the moments of P 
and B about B are equal 

8. And still more generally if we 
produce AB to any point i), we have 

PxAD+QxBD 

=Px{AC-^GD) 
,-hQx{CD-BC) I 

= {P + Q)CD + PxAC-QxBG 
= BxGI>hy (1) and (2), (Art. 6). 

i.e. the moment of B about Z> is equal to the si 
moments of P and Q about the same point. No 



R 



c 



B_p 



I 



of the 
it is eVf 
dent from inspection, that if we conceive AD tol be a rod 
capable of twisting about one extremity i), and aiefced upo» 
by three forces P, Q, and B, as in the figure, thjen P 9sA 
Q tend to twist it one way and B tends to twis 
other ; hence we may say, that there will be equi 
the m(yment of the force which tends to twist 
one direction he equal to the moments of those 
twist it in the other. 

9. In the preceding Articles we have been 
a new kind of quantity, namely, the moment 
alnmt a given pointy and the nature of this 



it in tiie 
ftffiiff 
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qunntity requires perhaps Bome further espUnation. 
moment nf a force abuut a given [loitit is defineil to he t 
pn iduct of the force (or thu weight which meaKures it) ai 
tliu perpendicular upon the direction of the force from ti 
given point But what is the meaning of the product of a 
force and the perpendicular upou it) huw can aforee auda 
li?ie be multiplied together 1 

There ia no difficulty in aniiwering these quosUona, if it 
be remeniliered that what we reall; multiply to^thiT are the 
abstract Dmubcrs, which denote the force and the line re- 
spectively according toa conventional method of representing 
forces and lines. Thus, 3 denoting a force may stand for 
3 lbs., and 3 denoting a line may stand for 3 feet, and if we 
multiply together 3 which stands fur 3 Iks. and 3 wliich 
stands for 3 feet, we shall obtain the number 9. which will 
stand neither for pounds nor feet, but for somethitig else 
wliich we have agreed t"> denote by the term numient. That 
tlicre ia need of such a term is manifest, for we have seen 
that when a weight is Husjtended as in Art. 2, its effect ia 
HUpporting another weight suspended from some point on 
the opposite side of C does not depend merely upon its own 
magnitude, nor merely upon the distance of its point of aus- 
pensiun from V, but upon the two jointly ; tliis effect then, 
which requires to be denoted in some way, we call the 
niiimeiil of the weight about C, And we reduce momenta 
to a unit of measurement precisely upon tlie same principle 
as forces, lines, areas. &a are reduced to uidta of uioaj<ure- 
nieut. Suppose we take as the unit of moment the moment 
of a, weight of ] lb. acting upon an arm of 1 foot ; in other 
words, in the figure of Art, 2, let AG — 1 foot ; then the 
momenta of other weiglita will be properly measured by the 
product of the numlier representing the weight and the 
number representing the length of the arm upon which the 
weight acts. 

10, We may express the condition given in Art. 8 
still more conveniently, by introducing the uao of the signs 
pin* and minuf to indicate the tendency of forces to twist 
tlie rod in opposite directions. 

For if we call the momenta of those forces which tend ti: 
twist the rod in one direction pasitim, and those which tend 
to twist it in the opposite direction negatiee, thou it will t« 
seen that the conditJoa referred to loa.^ ^k> «i.^«%i«A.^f^ , 



r 



I mimirmirnl 

2i Experimental Mechanioa. 

BaTing, thai the algebraieal sumo/ the mtmiefiitqf the l^ 
Jbrces about an]/ point irtthe direction of the rod ie sen 

11. And it may be renmrkad, tJbat in like manner 4 
condition (1), (Art. 6), lunjbe expre8Bedb;sajiiig,thail; A 
algebraical sum <^fhe three Jbrces it zero. 

Hence the complete atntonient of the conditiooa ( 
equilibrium of tliree parallel forcea acting upon a rod ni 
be as folio trs, 

the algebraical sum of the forces -=0 (1^ 

the 3ilgebraical aum of the moments 

of tie forces about auypoiut =0 (2). 

12. It may be observed that the experimental metkoi 
of proof used in this chapter might be applied to in restigal 
the condition of equilibrium, when two forces act npeii 
rod of which one point is fixed but not in directions ; 
dicniar to the rod, as hitherto supposed. 

For lot .iiS be a rod 
moveable aboat a hori- 
Eontal pivot through it^ 
middle point G ; E, F 
two small wheels turning 
freelj about their cen^ 
tres ; and let two silk 
cords, attached to the 
rod at two points A and 
D, pass over E and F 

andaupport two weights ^ " 

P and Q. Suppose the magnitudes of P and Q tobeso 
joHted that AB shall be horizontal ; then if we suppose 
directions of the cords EA, FD produced, and Cp, 
drawn frnm C perpendicular to them, it will be found tl 

P: Qv.Cq: Cp (1). 

or/>xC!p = Q!<C3 (2). 

Now the cords exert a\A and i> forces which are measured 
respeutivclj bj the weights P and Q ; hence the proportJ» 
(l)BhewB,tl]attheforceH which keep the rod in equillt- 
are inversely proportional to the peritendioulars upon 
from the fixed point C ; or the equation (2) whicii is 
vftlentto the proportion (1), shews that the momawtt of ' 
forces about C must be equal. 
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13. Tliia experimental demonstration howorcr ia not 
n'orth; of mii(Ji attoDtion, partly bocaiuo the simpler caae, 
in which the forces are weights acting in directions perpen- 
dicular to the R>d, will answer our purjuiso at present, and 
partly because the truth of the more general emu may bo 
seen without much diOiculty to follow from tliut of the more 

For lot AO, BO, CO, &C. be any num- 
ber of equal spokea of a wheel : then it is 
evident that tlie effect of a force in turning 
the wheel will be precisely the same to 
whichever of the spolies it ia applied. For 
instance, the force P applied at A perpen- 
dieulariy to OA wiU have the same effect as -i^ 

if it wore applied at D perpendieulariy to 03- 

Now bike a rod AB, witliout weight, and havii^ the 
point O in it fixed, and let it be kept at rest by the two 
forces P and Q acting at A and A 

B perpendicularly to the rod. 
Through draw OA' equal to 
OA, and OB' eiinal to OB, each 
making any angle with AB ; 
then if OA', OB' he regarded P q « 

ae rigidly joined together at O, fike the spokes of a wheel, it 
is manifest trom what has been just now said, that the 
forces P and Q acting at A' and B' perpendicularly to OA' 
and OB' respectively will keep A'OB' at rest. 

Again, let A'P intersect OA produced in A", and B'Q 
intersect OB produced in B" ; then if wo conceive of the 
figure A"A'OSB" as one rigid board, without weight, 
capable of turning about 0, and suppose the forces P and 
1^ to act by means of strings, the directions of which coincide 
with A' A" a.ndB'B" respectively, it is evident that the 
t will he the same at whatever point of jl'^l" and B'B" 
a tack to be driven through the strings so as to 
n to the board. Now if we suppose the string 
obe attached atthepoint .^' wehave the force P 
"le estremity of O^', and if we suppose it attached 
'e the force P acting obliquely at the extremity 
« the effect of P acting at A" obliquely, as in 
8 that of P acting at A perpen- 
OJ^. Henea we conclude tUat P and Q « ' 
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obliquely, as in the figure, at the extremities of a rod AB, 
having the point fixed, will produce equilibrium providel 
their momenta about are equal. 

14. We shall defer the further generalization of the 
conditions of equilibrium investigated in this Chapter, thai 
is, their extension to any number of forces and to forces 
acting in any directions, to the Chapter in which we invee* 
tigate the properties of moments of forces theoretically; 
the remainder of the present we will devote to the coneo^, 
ration of the problem of three forces acting upon a rod, 
exhibited under a somewhat different fonn. 

1 5. Def. a rod capable of turning about a fixed point 
in its length is called a lever; and the fixed point is called 
ihefalcrum. 

16. Dep. If the lever be horizontal and a weight W 
bo suspended from any point in its length, the lever maybe 
sustained in a horizontal position by a certain force P 
acting at some other point, and tending vertically upwards 
or downwards according to circumstances. The force P 
which is required to maintain the equilibrium is called the 
power. 

17. We may distinguish three classes of lever. 

First. Suppose the fulcrum to lie be- 
tween the power and the weight. This is 
called a lever of the first kind. ^ Yf 

V 

A 
Secondly. Suppose the weight to act 

between ^e fulcrum and the power. This 

is called a lever of the second kind. 

p 

Thirdly. Suppose the power to act be- ' ^ 



r"^ 



tween the weight and the fulcrum. This . ' ^r 

is called a lever of the third kind, L ^ 

W 
18. Now it will be readily perceived, that although in 
all these cases we have spoken of only two forces, the power 
and the weighty as acting upon the lever, yet in reality there 
must be and are three forces. What is the third? It is 
supplied by the pressure upon the fulcrum. In the first 
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case tills pressure will be the sum of the power and the 
weight ; in the second and third it will be their difference. 
Or if we call the pressure on the fulcrum R^ we shall have 

for the lever of tlie first kind R=P+ W^ 

second... R= W—P, 

third ...R=P-JV. 

But there will be this distinction between the pressure 
on the fulcrum in the second case and the third, namely, 
that in the second (as in the first) the pressure is upwards, 
in the third it is a pressure downwards. 

19. When we regard the lever thus, we see that all 
three cases are instances of the equilibrium of three parallel 
forces, and that the conditions of equilibrium will be those 
which have been already investigated. In each lever there- 
fore we must have 

moment of power about fulcrum = moment of weight. 

If then we suppose that we have a lever with a given 
fulcrum, and a given weight W suspended at a given point, 
we can at once determine the point at which a given power 
P must act in order to be in equilibrium with JF ; or if 
the point of application (or, as it is sometimes expressed, the 
length o/P*s arm) be given, we can calculate P. 

20. And the following conclusions will at once appear 
to be true. 

(1) In the case of the lever of the Jirst kind we may 
make P as small as we please, if we increase the arm at 
wliich it acts in the same proportion that we diminish P. 
That is, a weight of any magnitude may be supported by 
any small force, if we give to this force a sufficient length 
of arm. Thus a weight of 100 lbs. suspended at a distance 
of 1 fL from the fulcrum, may be sustained by a weight of 
1 lb. suspended at the other extremity of the lever, provided 
that that extremity be 100 ft. from the fulcrum. And this 
points out to us the great advantage which may be gained 
in practice, by applying a force through the medium of a 
lever of this kind. Suppose for instance ^ to be a fragment 
of rock, a block of wood, or any other great weight ^hkk 
it is required to raise ; let BD be a sti^B^ V>bx qH \£q\^ ^x 
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wood, and let one extremitj B bo 
inserted just under the weight vl, 
and let the bar be niade to rent 
against a, support at C, not far 
I frum the oxtremit; B ; then a. 
comparatively small force applied 
at Z» will enable ua to move A. This is 
application of the lover to common purposes, and proba 
eTery one is familiar with examples ; in fact, we moke oi 
of a lever of this kind every time tliat we rest the ftSki 
upon a bar to stir ttie fire ; in this cose, the bar forms fll 
fulonim, the coals are the weight, the jireasure of the haul 
(HI the poker is the power. 

When by means of a lever we are enabled to make' 
certfijn force do an amount of work, which it could not & 
without the intervention of the lever, we are said to gain i 
tnechanieid adeatdage. It will be seen that mecbania 
advantage is not neceasarily gained ; thus, if in the pH 
ceding example the distance between the fulurum and Qi 
point of contact between the lever and tlie mass A b 
greater than that between tlie fulcrum and the point t 
apphcatjon uf the force D, mechanical advauta(|e will b 
Imt; in other words, it would be easier tu move the maaaj 
by the direct application of the force than throoc^ Ita 
intervention of such a lever. 

(2) In the case of the lever of the tecand kind mt 
liicftl advantage is always i^aiued. For the weiglit fe 
between the power aud the fulcrum, the arm of the p 
in necessarily greater than tliat of tlie weight, and tJ 
the power less than the weight. 

We have an example of such a lever ii 
nntcrackers ; the presaure of the hand on the extremitici 
«F(tf the loi^ handles of the nutcrackers supplies the poffci) 
and the resistance uf the nut the force which correapondj 
to the weight. Another example is that of the oar of i 
boat 1 the water forms a fulcrum (though an imperfect tfud. 
for the extremitj of the oar, the baud at the other a 
mity suppUes the power, and the nuult is a force, g 
than the power, at tlic rowlock, which is effective u 
the boat. ^^ 

(3) III tlie case of the lever of the third kind mechanica 
advantage is never g:iincd, For the arm at which the poWM 
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»cts is ahorter than that at wbich the ireiglit nets, and 
■tlierefore the power must bo grentcr tbaii the weights 
Hence it might be imagined that thia specieH of lover 
' ' ' never be a(lvaut»geoiisly applied in practice, and of 
) if the gaining of power be the end to bo attained 
rer can ; ttiere is howoTer a most interesting case of 
application of this kind of leTcr, in wliich the losa of 
xhanical advantage is far more tlian compensated h; the 
_ ' 1 of advantages nf another kind. The case alluded to 
^ that of the limbs of aniuiala, or more particiilarlj that of 
B hainan arm. 

The fignre represents the skeleton of the huriian ann ; 

Qfpose the elbow 

V\A to be kept at rest, 

ind the hand to «x- 

t a force either in 

iBftii^ a weight, or 

'i palling, or push- 

Wiog; then the ten- 

yissKij of the hood ia to rerolvo about A, and A will be the 

I fdlcimm, while the force exerted bj the hand will corre- 

I ^MHid to the wdght. Where and how will the power be 

b ^iplied } The power is applied near tlio elbow by means 

' (rf oertoin tendons or sinews, which are acted upon by the 

OOQtraction of muscles situated in tlie higher port of the 

Thus the point of application of the power is be- 

1 the fulcmm and the weight, and the power acts at a 

anical disadvantage; but it will be easily seen from 

> nature of the case, that no other kind of lever could 

Mve borai conveniently adopted, because the hand must of 

leccssity be placed at the extremity of the limb ; moroovor, 

neatnexs of construction and Bjplity of motion are incnni- 

[Mirably more important in animal mechanism than tljo 

Boltii'lieation of strength, especially in the case of man, 

vhose natural strength must at best be amall, and -wImso 

btullcetual resources supply him with tlio means nf in- 

crcMKing his [lower to an almost unlmiited extent; the 

Mdunce of comparative anatomy, however, brings before us 

some curious instances of the power of tlie inferior auimala 

being increased by advantageous mechanical arrangements. 

21. Wo will now briefly recapitulate the results at which 

«0 iare mrived in tJie otso of the throe levaVA re^^cdAviAY 

I 
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Liter (if thefint kind. Mechanical advnntage may] 
either luat or g;ainod. 

Lener cf the tecofid kind. Mechanical advantage 
always gained. 

L^er qf the third kind. Mechanical advantage 
never gained. 

And in all cases the principle of equilibrium is tii 
that the moment of the power about the fulcrum nioit ! 
equal to the moment of the weight. 

22. There are ra&aj other queationa connected wi 
the lever, or more geiierEJly with the theory of the mooun 
<if/dreei, which might be introduced in tliis place,'. 1 
prefer, however, to reserve these until after we havebwb 
of the Centre of Gravity, and have shewn how the prindfl 
already eatablished by experiment may be placed upoD 
demonstrative baaia. 



EXAMINATION UPON CHAPTER III. 

1. Define the moment <•[ a, force about a givan point, 
weight of H lbs. ia anspended from one extremity of ■ boriui 
rod; find ihe weight, which suspended from tlie tuiddla flit 
would produce the same moment abuut the other estremity. 

2. Define a lever; nnil distinguieh tlie diSerent kioitt 
Iflver, gitiug exEtmpleB of each. 

8. Enundate the oondition of equilLbrium of a straight hoi 
Bontal lever, when n. weight ia Kuspended from ench extraoiiq 
aDdexpluD liow the condition may be iuvestigated experiment^ 

4. Enuneiate in ita moat genernl form the principle of n 
nents, ai applied to the straight lever under the action of fota 
perpendicular to itn leagtli. 

E. abev how the cane of forces acting obliquely upon a lew 
may be deduced from that of forces acting at right angles to (i 

6. In what sense can a minacnl he properly spoken of U tl 

7. Two weights of 3 lbs. and 7 Iba, respectlvelj, hangfroi 
the Gxtremitles of a lever I yard long ; find the fulcraia. 

5. A atraig^it roil, 6 feat lung, capable of moving in a ve 
HcalpUuB about one extremity hue a weight of 10 lbs. suepeuiii 
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from its firee extremity ; find at what point an upward force of 
Ulbs. mast be applied so aa to hold the rod in a horiasontal 
podtion. 

9. In the preceding example what will be the pressure upon 
tiie fixed extremity I 

10. What is meant by medianical advantage being lost or 
gnmed by the intervention of a lever ? Explain under what cir- 
cumstances either the one result or the other takes place in the 
oase of each kind of lever. 

11. The longer arm of a lever of the first kind is 3 feet, and 
the shorter 7 inches ; what force will be necessary to raiHO a 
weight of a ton? 

12. How much would the force in the preceding example bo 
XDcreaBed by removing the fulcrum through 1 inch towurdtj the 
wdghtT 

13. Two weights, W and W^, are suspended by strings from 
the extremities of a lever of length a ; find the fulcrum. 

14. If in the preceding example a weight w be added to W, 
what weight must be added to W to maintain equilibrium ? 

15. A straight rod, moveable in a vertical plain about a hinge 
at oneextremi^, is supported in a horizontal position by a ver- 
tical thtead which is attached to it at a distance of 10 inches from 
the hinge ; and the length of the rod is 27 inches. Supposing that 
the thread will support a weight of 4 oz. without breaking, find 
what weight may oe suspended from the free extremity of the 
rod. 

16. Two known weights, of P and Q lbs. respectively, ba- 
lance upon a straight lever of the first kind ; if p lbs. be added to 
P, the fulcrum must be shifted through a space a towonls the 
extremity from which P hangs, in order to preserve equilibrium ; 
and if q lbs. be added 1^ Q, the fulcrum must be shifted througli 
aflnaoe b towards the op|>osite extremity ; find the length of the 
lever. 



CHAPTER IV. 

ON THE CENTRE OF GRAVITY. 



1. TN every material body, or system of partklBI 
X rigidly counccted, there is a point which has tfail 

remarkable property, that if it be supported or fixed tto. 
body will remain at rest, whatever be the position of tfal 
body subject to the condition of that point being fixeA] 
This point is called the centre of gravity of the body. 

"We shall be engaged in this chapter in proving thl 
existence of the centre of gravity, in discussing some rf 
its properties, and in determining its position in certail 
cases. 

2. Let us take the simplest case, namely, that of two 
equal particles rigidly connected by a rod supposed to hafD 
no weight. Then it is evident that the middle point of tiM 
rod will be the centre of gravity ; for the perpendiculaa 
from this point upon two vertical lines drawn through tbt 
two particles will be equal, whatever be the position of tfae 
rod ; therefore the moments of the weights of the partidec 
will be equal, or the particles will be at rest 

3. Even if there be no rod joining the two partideB 
the middle point of the straight line joining them woulc 
be called their centre of gravity ; for ^' this point wen 
connected with the two particles, and the point were sup 
ported, the two particles would remain at rest in an; 
position. 

And generally, we may observe, that the centre c 
gravity of a body need not be a point within the body ; bu 
it may be, and frequently is, a point such that if we cot^ 
ceive the body to be rigidly connected with it the definitio 
of the centre of gravity would be satisfied. For example 
the centre of gravity of a hollow sphere is the centre of th 
^here; for although that point laas no p\i^stfi^ c^QTcasias 
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th the mnteriol Bphore, yet if the centre be conceived 
rigidlj connected with the ephere (by a rod without 
^ight, for instance, coinciding witli a dinnieter) it is 
ideut that when the centre is supported the sphere will 
tnain at reat in whatever poaition we place it; for the 
>here heing symmetrica/, that is, of preciaely similar siae 
3d ahape, around the centre, when it is placed iti one 
Dsition there is no reoson why it ahould change that 
«9ition for another. Hence the centre of tlie sphere is 
aUed ita centre of gravity, although Uiere is no phyaieal 
aiuiBiion between that point and the sphere itself. And 
n in other instancee. 

4. We may ako observe, that a system of particles 
not rigidly connected are irequently spoken of ea ha\'ing a 
KDlre of gravity, as in the case of the two particles already 
iliwiused in Art. 3. By the centre of jp-avity in Uieso 
Bases we mean a point, which, \f it uiere rigidly connected 
*ith each of the particles, would satiny the deQuition given 
ill Art, 1. In this sense we may speak of the centre of 
pnvity of a pile of cannon-balls, of a quantity of water, 
>f a piece of string. 

5. Lot us DOW consider what will be the position of the 
xntre of gravity of two uiiegiia) {larticles. 

Let P and Q be tlie two particles, and let their weighta 
iie;)1bs. and ^ lbs. respectively; dmwa , 

itnight line from P Ui Q, and divide it 

E? in Buoh manner that 

PG : QG :: q : p; 

[^ if from G we draw Gm, Gn per- 
r to the vertical hnea P/), Qq 
)ly, we shall have by similar triangles 

PG : QQ :: Gm : Gn, 
:. Gm : Gn :: g : p. 

le mommU of the two weights p and g about G 
i equal, and therefore the two particles P and Q 
' fl about O; i.e. G will bo the centre of gravity 

We are now in a condition to prove the following 
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Peop. Every >j/it«m qf partickt and ecery ^materU^ 
body hat a centre qfgroBity. 

Let W^, Wt, Wt, fF„...bea8ystemofpartii!leB,fti 
weighta of which are fF,, W^, W„ 
Wi, ... respectively: suppose W^ 
and W^ joiued by a rigid rod with- 
out weight, and divide tliis rod in 
0„ BO that 

Wi©! : WJEfi :: W, : Wy-, 
then, from what has gone before, Gi will be the centre 4 
gravity of W^ and W, ; that is, if G, be supported, Wi ■ 
Wf will balance in all positions about it, and the p 
upon the point of support will he Wi+ W^. 

Again, suppose O^ and W^ joined by a rigid rod w 
weight, and divide it in (?„ so that 

G,e, : JFsff, :: JT, : W^+W^i 
then, if wo suppose the rod W, W, to rest upon tie « 
ff, fF„ and G, to be supported, the pressure H'',+ W^ i 
O, and Wj at W, wiU balance about G,. Hence Oi 
HarBo bodies W„ W„ W,, supposed rigidly connectn 
will balance in all positions about O,. 

Similarly, we may find a point G, in the line jotn^ 
G, and (T,, about which tV,, FT,, W^, W, will balance 'a 
all positions^ and so of any number of partictee. Ha&W 
every system of particles haa a centre of gravity. 

And this proposition includes the case of all nutorii 
bodice, since a body may always be conceived to be m>dl 
up of an indefinite number of component particles. 

Hence, every system, &c. (J.B.D. 

T. If the centre of gravity of a system be supported 
it is evident that the pressure upon the support will bf 
precisely the same as if the whole system were compresM 
into a single particle having for its weight the sum o* ' 
weighta of the particles of the aystem. This is sc 
expressed by saying, that tlie datieal ^ect (if a s^ 
partidet u Uie mme a* if tfie aysUm were collected atjt 
centra qf gravity. 

8. FttOP. £very material »yttem hat only on« a 
<lf gravity. 

for, suppose there are two, and let the system be ■ 
turned that the two centiea of ^rB-vitj lie i 



horizontal plane. Then the weights of the different par- 
ticles of the system form a ajsteni of vertical forces, which 
must have a vertical resultant passing through each of 
the centres of gravity ; otherwise the ajstem could not 
balance about each of those points ; hence the vertical 
resultant must pass thrnngh two jwinta in the same hori- 
£ontal plane, which ia absurd. Ilence every material eys- 
tem, &c. Q.E.D. 

9. We shafl now proeoed to find the position of the 
centre of gravity in a few actual cases. The general de- 
termination of tiie position of the centre of gravity of a 
body of any given form and magnitude we shall not be able 
to eolve, but there are a few instances in which the problem 
present« nu difficulty. 

10. To find the centre q/" gravity qf a phyncal right 
line, or ufa uniform thin rod. 

The middle point will be the centre of gravity [ for we 
nay soppose the hne or rod to be divided into pairs of 
«qi^ weights equidistant from the middle point, and the 
middle point will be the centre of gravity of each pair, and 
therefore of the whole system, that is, of the line or rod 

11. To find (he centre qf gravity of a plane triangle. 
Let ABC bo the triangle ; bisect BC in D, and join 

AD ; draw any straight lino 
hde parallel to BC, and meet- 
ing AD in d; then by similar 
triangles, we have 

hd : BD :: Ad : AD 
, :: ed : CD, 

aid : ed :: BD : OD; " " c 

gJBC ia bisected in D, therefore be is bisected in d. 

B the lino be will balance about the point d in all 

; similarly, all Unes in the triangle parallel to BC 

ice about [winfs in AD, and therefore the centre 

f of the whole triangle must lie iu AD. 

ce manner, if wo bisect ^(7 in £, and join 5^, the 

S of gravity must be in BB; hence G, the intersection 

"} and BE, ia the centre of gravity of the triangle 

5 ifWcAwiU be parallel to .^0. '^^ncwTi, \-\.^>l ,] 
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^hen the trianglea ABG, DEO 



r AG^2GI>, 



I 



and .-. AD^ZGD. 

Hencse, if we join an dngle of a triangle with the b 
of the opposite Eide, the point whiisb is two-thirdi 
diatanco down this line from the angular point ig tb 
of gravity of the triangia 

12. To find the centre fif granily qf three equa 
placed so cu to form a triangle. 

Let A, B, G be the three bodies ; join AB, 1 
Bisect AB in I>, then l> will be ^ 

the centre of gravity of A and B, 
and we may suppose A and B to 
be collected at D. (Art 7.) Join 
CD, and take DE equal to one- 
third of CD; then CE^IDE, 
and therefore if we consider CD " 
as a lever with fulcrum E, the two bodies A and 
pended from D will balance the body suspended I 
and therefore E is the centre of gravity of the three 

OoE. From tliis it appears that the centre of 
of a plane triangle is the same aa that of thre* 
bodies placed at ita angular points. 

13. We shall now shew how to find the oe 
gravity of any number of particles in the same plai 
before doing so, we must shortly explain how the | 
of any number of particles may be most conrenie 
presented niatheiuatically. 

Let P be any point, the position 
describe; take any point A, and 
through it draw two straight hnos. 
Ax, Ay, at right angles to each 
other ; from P draw PN perpendi- 
cular to one of these lines, as Ax: 
then it will be eaaily seen, that if the 
length of AN be given, and also tlie 
™^ ' 'h of PN, the position of P will be entirely det 
' a maimer the position of any other point ^ ; 
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.etemiined. Wo mtiy remnrk thttt this mode of assigning 
be positions of points is vorj general in modem matlie- 
latdcs, and that it is usual to call AN, FN the eo~ 
rdinate* of the point F, and to call Ax and Ay tho oice* 
f co-ordinate*. 

This being premised, let it be required 

14. To find the centre (ifgraeity of any number qf 
•article* which lie in the tame plane. 

Let W, W, (Fj ... be the weights of the partides ; in 
he plane in wliich thej lie take 
nj two atraight lines Ax, Ay at 
ight angles to each other, b£ 
.lesof eo-ordinates. Draw JFjiti, 
Wja„.,.perpendioulartojl.c; and 
et Aai=x-^, fViO^-y^, ^(I,=jt„ 
H^^ = y,, &c., also let x,y be 
;he co-ordinates of the centre of gravity of tho system ; 
th«i it is evident that if we find x and y, we shall hare 
solved the problem. 

Join Wi W,, and let O, be the centre of gravity of 
ICi, Wf-, from 0^ draw Gtb, perpendicular to Ax, and G^c 
perpendicular to H^idi, also from W, draw W^d perpen- 
^eiikr to 6161; then, by the fimdameutal property of the 
OEaitre of gravity, wo have 

W,% W,G,= W,^ fTjff,; 

■( eince the triangles W,G-iC, G, W^ are similar, we have 




W^G, ; JF,G, 



. Wy{Abi- 

or Ahi= 



G,c : W^, 
a A ■■ oA, 
Abi — xi : Jfj— ^6,; 
,)= }V,{x,-Ab^), 



»'i+ IT, 



« coneider another particle W„ we may, in aearch- 
r fhe centre of gravity of the three IF,, W^, W,, 
» the two former to be collected at their centre of 
•jGii hence if G, be the centre of gravity of the 
Icles, and we draw G,6j perpendicular tfl Ax, we 



^6,= 



(W,+ W,) Ah,+ WjH:^ , 



f 
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and if wc put for Al>, ita value alrond? found, we bavo 






and BO on fur any niunber of particles. Hraoe, we 

And in exactly the same maimer we should find lb 

„ _ _5j?/^ +W,y,+ W,t,, + ... 
*' W,+ IV,^ w^+... 

It will be scon that these formulce expresg thig ti 
that the centre qf gravity qf a »ffttem nf partickt it 1 
Ihal the moment about any point A of the mm qf I 
weiffhti collected at the centre of graeity it equal to 
turn of the momentt of the wetgktt. 

13. The preiieding investigations refer to e_ 
particles lying nil in one plane, or to plane bodieg. It 
be as well to remark concerning such bodies, that phjn 
they can have no e):istonce, that is to say, it is impoH 
tliat we can have a bod; which has lengtli and breAdth 
no thickneaa. When we spoke of the teutre of g 
of a plane triangle, it would have been mor 
speak of the centre of gravity of a portion ol 
bounded by two plane triangles the surfaces of n 
parallel, and very near to each other, or of the c 
gravity of a very thin frustum of a prism o; 
base. Ho confusioD however can arise from spealunj 
the centre of gr&vity of a plane Sgare, if the studait b 
in mind that Itis results are applicable to indefinitely : 
plates or laminee, or tliat if the thickness he considera 
must regard the centre of gravity as lying inside ths b 
and at equal distances from the two bounding sulfa 

There ore few cases in which we can find the O 
gravity of solids, without more powerful matfaamal 
appLances: one or two cases however ar« witlun 

16. To Jind the centre of gravity qf a pyramid \ 
triangular bme. 

Lot ABGD bo the ryraiiiid. Bisect BC in E', ; 
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AE: take EF equal to ^AE, 
uid join DF, 

Suppose the pyramid to 
be made up of thin triangu- 
lar slices parallel to ABC, and 
let cibc be one of them ; let 
"tfe be the line in which it 
is intersected by the plane 
DAE, e and / lying in he 
and 2>jP respectively. 

Then by similar triangles, 

he : eD :: BE : ED, 
also ce : eD :: CE : ED ; 
.-. he : ce :: BE : CE, 
but BE=CE; :, he=ce. 
In like manner it may be shewn that 

fe : af :: FE : AF, 
but AF=2FE; .-. ctf^%fe, 

H^ice f is the centre of gravity of the triangular slice 
dbc. Similarly it will appear that the centres of gravity 
of an slices of the pyramid made by planes parallel to ABC 
lie in DF^ and therefore the centre of gravity is in that 
line. 

Similarly, if we join DE, take GE= \ DE, and join A G, 
the centre of gravity will be in AG; therefore H, the 
intenection of 2>jPand ^6r, is the centre of gravity of the 
pjnmid. 

Now join GF; then, by similar triangles, 

HF : HD :: GF : AD, 
FE : AE, 
1 : 3; 
/. HF^\HD=IDF. 

Henoe^ if we join the vertex of the pyramid with the 
CMire of gravity of the base, and set off one-fourth of this 
fiae from the latter point, we shall determine the centre 
«f giavity of the pyramid. 

17. It 18 not difficult to see that the same construction 

ivifihdd for a pyramid upon any base. That is to say, if 
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we join tho vertex with the centre of gravity of the 
and get off one-fourth of this line from the latter poinltl 
shall determine tlie centre of gravity of the pyramid. 
student may prove for himself that this ia so. 

18. And still further the same coHBtniction will 
for a eone, either right or oblique ; for the base may 
regarded as a, polygon having an infinite number of 
and the cone as a particular case of tho pyramid. 

19. It was shewn in Art 12, how we may find 
centre of gravity of three equal bodies placed bo aa to fd 
a triangle ; and in like manner we may find the centre 
gravity of four equal bodies placed at the angular po4 
of a tetrahedron, or pyramid. And aa it was shewn tin 
Uie centre of gravity of the three bodies iu the fonM 
case coincides with tho centre of gravity of tho tmn^ 
so it will be found that in the tatter case the centre 
gravity of the four bodies coincides with the centre 
gravity of the pyramid. 

20. If we have two bodies, the centre of gravitj 
each of which ia known, wo can find the centre of gra^ 
of tho two, by considering each to be condensed into B 
centre of gravity,. and then constructing for tho centre a 
gravity of the two aa we did for tliat of (fi and ffiS 
Art. 1 4. And the same remark apphes to any uumber V 
bodies. 

21. Also, when the centre of gravity of a heavy 
is given, and also that of any portion of it, we can f 
centre of gravity of the remainder. 

For let G be the centre of gravity of the body, 
weight : G, the centre of gravity of the 
given portion, IVj its weight. Join 
fl,G, and in that line produced, take 
G,, such that 

G,G : Gfi :: W^ : W~W^. 



Then G, will bo the centre of gravity required, 

22. Tho following genera! proposition concerning ■ 

centre of gravity, contains the property which ii ' *" 

portant in a practical point of view. 

Peop. When a body ii placed upon a horizontal pi 

it will stand or/all according ut the uerlieat line (/ 

the centre i-f graoity fallii withtit or tcithout the bate. 
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Suppose the vertical line GG through the centre of 
P»tHj G to fiill within the 

le, as in Gg. I : then we 

.; Boppose the whole 

ight of the bod; to bo 
I vertical pressure W act- -J , -, 'jj 

S^ in the line GC; this 

ill be met b; an equal and opposite pressure W from tiie 
lane od which the body is placed, and so equilibrium will 
s produced and the body will stand. 

But suppose, OS in fig. 11, that the line GO falls without 
le base ; then there is no pressure equal and opposite la 
P'at C, and thereforo H''wil1 produce a moment about B, 
the nearest point in the base to C,) wliich will make the 
Ody twist about that point and fall. 

23. Hence, we see that it is not necBBsary that the 
alia of a lofty building should be accurately vortical ; this 
, in fact, a condition which is very often not satisfied, 
here are some very remarkable deviations from verticality ; 
le leaning tower of Pisa for csanipje. 

24. Wo have used the term fxtte in the preceding 
" 'on, to express the portion of the body which is in 

wtact with the horizontal plane ; if tho body stand upon 
roe or more puints, then, by joining these points, wo sludl 
na a triangle or polygon as the case may be, and thia 
U be the space wiUiin which the vertical from the centre 
>f gravity must faU. 

And this remark ia appUcable to the case of the human 
(lody. Let AB, CD be the solea of a man's ^ ^ 
■hoes; join AC, BD ; then the vortical lino 
hrough the man's centre of gravity must fall 
somewhere within tho space ABDG. This 
space may be enlai^ed by separating the feet, 
and the man's steadiuess is correspondingly 
increaaed- If a person raise one foot from 
the gronnd, then his bate is reduced to the sole of the 
other foot, and cannot be increased ; his steadiness thereforo 
IB much diminished, and if he should lose his balance, he 
must either put the other foot down, or change his position 
by ft hop, so as to bring the sole of his foot again belon 
his centre of gravity. 

iudiMid all animalai oci^uxa ^^ ''^liift. 
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instiiictivcly Bhifting their position so as to satisfy the o 
dilioD of equilibrium • thus, if a, man walking upon a nan 
plank feels himself in danger of falling upon one side, ) 
throws oat the opposite ajm • a woman nursing a, child k 
bacliward; a man carrying a burden upon his back le 
forward ; in walking up a, hill we lean forward ; in wall 
down a hill we lean backward ; and so on. In like mani 
a person rising from a chair must either press the bi 
forward to bring the centre of grayity over the feet, I 
else must put the feet backward under Uie chair to prodiu 
'le same effect 

One of the best illustrations of the managemeot of U 
centre of gravity is that afforded by tlie tight-rope danc* 
The tight-rope dancer carries in his hand a heavy polo,and tt 
centre of gravity, the position of which dotemiines wbetid 
he will fall or not, is that of the pole and himself, regarda 
as two bodies. Hence the dancer to a certain extant cmit" 
his centre of gravity in his own hande, and can shift its p( 
tion, so as to keep it within the narrow limits required, wi 
much greater ease tlian he could if unassisted by the p(d 

26. It would Beem from what lias been proved, tl 
a body would rest on a horizontal plane, when supported t 
a single point, provided that it be so placed that tto ce 
of gravity is in the vertical line passing through that pi 
which in this case forms the biise. And in fact a boidf I 
situated would be, mathematically speaking, in a poailioft I 
equilibrium, though practically the equilibrium would it 
subsist ; this kind of equilibrium and that which is {wactical 
possible ore diatingTiishcd by the unmos of unitableBadttak 
Thus an egg will rest upon it« side in a position of tfid 
equilibrium, but the position of equilibrium correapondii 
to the vertical position of its axis is unstable. 80 like 
there is a mathematical position of equilibrium for a no 
resting on its point, or a pyramid or cone upon ita a 
though such positions are obviouslj unstable. 

The distinction between ttabh and unatable equUibi 
may be enunciated generally thus : Suppose a bodf 
system of particles to be in equilibrium under the action 1 
any forces ; let the system bo arbitrarily displaced va 
slightly from the position of equilibrium ; then if the forceal 
such that they tend to bring the aystem back to its poai 
of cquihbrium,thopositionis«2al'/#,butif they tend ton 
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le Bystom still further from tlie poaitiou uf eqnilibrii 
UTigCablg. 

26, The foUovring property of the centre of gravity it 
neariy analogooB to tbat of Art 22. 

Fsop. When a heavy body it tuipended/rom a point 
iiboiU mhich it can turn freely, iC will reit vith Us centre 
cffframty tn the vertieal line paeiing through the point 
(^iHspention. 

For let be the pobt of suspension, G 
the centre of gravity, aad suppose tiiat G is 
not in the vertical lino tliroagh O; dntw OP 
pOTpendiuulor to the vertical through G, that 
3b, to the direction in which the weight of the 
body**' act*. Then the force fr will produce 
a momeat W. OP about a« a' fulcrum, and 
there being nothing to counteract the effect of 

moment, etiuilibrium cannot Huhsist. ' ' 

3ence G must be in the vertical line through 0, in 
case the weight ff produces only a pressure on the 
dnt O, which ia supposed immoveable. 

87. From the property proved in the preceding Article 
li easy to deduce a method of determining practically the 
Irflion of the centre of gravity of any heavy body bounded 
f two parallel planes. 
YoT this purpose let the body be suspended from a p*^ 
raay point 0, in such a manner that 
CM) easily turn about O; then by 
28 the centre of gravity will he 
nrheov in the vertical line through 
, H therefore, from we suspend a 
onUine, that is, a fine thread carry- 
5»tits extremity the weight H'.aiid 
nr ft fine line upon the honndiiig 
iboe to mark the line of contact of 
e nirfacc and the plumbline, the 
obe of gravity will be somewhere 
.ttbtina Again, let the body be suspended from a p^ 
HTted at any other point &, and let a second line be 
nad by means of the plumbline, as before described, 
ken the point of intersection {G) uf the two lines which 
ire been traced will bo the centre of gravity of the body. 
. SS. Before leaving the subject of the Centre of Gravity, 
'• may be well to make a few remarks upon the subject^ 
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of Gravity iteolf. One of the moat general and most w 

derful, thmigh moat simple, of the laws, to which mi ' 

;a has conducted uh, ia tliu, th^t every particle of m 
a.ttracts every other particle of matter towuHls itsdf ao 
ing to a regular law. This Law, which is called that of ^m 
or gravitation, must be assumed to bo true ; the student A 
present taking the assertion upon trust, that the e 
in favour of the truth of the law is quite irresistible to iA 
niiiids capable of following the steps of the proof. 

tn consequence of this law of gravitation every p 
of the Earth's mass attracte every particle of a body at ■ 
surface ; and if wo suppose (which is very nearly but ni 
quite true) that the Earth is a sphere, then the rMUitaiii ■ 
the attractions of the particles of which it la compo»' 
upon a particle at the outside of it will be a force tendii 
towards the centre of the sphere. Let, for 
instance, O be the centre of the Earth, P a 
particle anywhere outside the Earth ; then 
every particle of the Earth's mass tends to 
draw P towards itself ; and since these par. 
tides are all symmetrically arranged round 
the line OP, it is evident that the resultant 
of all their attroctiona must be a force in the 
direction PO. And thig residtani force u that t 
eonttilutef the weight qf the particle P. 

Now if P were a atone which was let fall, it would (J. 
)ur8efall in the direction of Pf, or the direction of grwilif, 
and this direction we will call the veriieal direction ; ud 
the plane perpendicular to PO, at the point y, where tb 
stone strikes the Earth's surface, we will call the harizonUi 
plane at that pomt. It is clear that the vertical directiooi 
at two different points of the Earth's surface cannot be tba 
same, that is, they cannot be parallel, because they meet la 
O ; but O is at a great distance from the surface, nearly 4000 
miles, and, therefore, if we take two points on the Eartli^ 
surface at no great distance hnm each other, the vertkll 
directions at those two points will be nearl]/ paralUL 
For example, take two places a quarter of a mile apart} 
the circular measure of the angle between the v^tical 
directions at those points will 

^4''4000'^ie000' 
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Thia ia n Terj Biuali angle, amounting to onlj a few 
secontlfl ; hence even at the distance of a quarter of a mile 
from each other the dircctionB of gravity at two places 
may be taken to be parallel In all prubleins, thoreforo, 
conooming heavy bodies, we treat of gravity as B,/-rrce which 
acta in parallel lines. 

Tlie Earth instead of being spherical, as wo liavo sup- 
posed, is wliat is called a splieruid ; that is, it is slightly 
fi&ttonod at the poles, and if we were to take a section uf 
it by a plane passing through its centre and its poles, it 
would bo an ellipse of which the axes would bo nuarly 
equal*. The earth being of this form, we cannot conclude 
that the force of gravity mnat at each point tend towards 
its oentret; we can, however, describe very simply the 
exact direction of gravity at any place upon the etulb's 
surface; it is found that the direction qf graeiCi/ w the 
ttraight line perpendicular to the lur/ace of still water 
at the given place; tbis is a result wbich may be verified 
by experiment with an extreme deyee of precision, and 
which also agrees with the results ofinatbematical investi- 
gation. Instead, therefore, of the detinitions of vertical 
and horizontal, which were given just now, we ought, more 
pruperly, to speak of the vertical at any place as the str^ht 
line perpendicular to the surface of still water; and tlio 
pkne perpendicular to it, that is, the surtnce of the water 
itself as the horizontal plane. For all common purposes, 
however, we may regard bodies as tending to fall towards 
the Earth's eeutre; and even if we take the more accurate 
defiitition of the direction of gravity, our fonner conclusion 
will bo true, namely, that gravity may be considered as a 
■ in parallel lines. 
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EXAMINATION UPON CHAPTEK IV, 

L. Define the centre of gravity of a badf, or ot a. *] 
mterinl partiolea. 

!. Find tlie centra of gravity of two nnequal particles. 
). Prove that every lystem of partiulea has one oanl 
giavity, and only one. 

4. Eiphiia aJiil illustrate the Btatement that At (tolM 
^ed of a igttem of particUt u the tame at if the ipitm mm 
eellecUd at its centre of gravity. 

5. Find the centra of gravity of a physical tight line. 

S. A straight wire 3 feet long a oninpased of two piece* oi 
' 3 feet onii 1 foot reipectively. The former is composed uf toatta 
which weighs 1 oz. per foot, aod the second of matter wlwA 
neighs 2| 02. per yard; find the centra of gravity of UiS «' 

7. Find the centre of gravity of a triaogla. 

8. Find the teotre of gravity of three equal bodira pi 
BO aa to form a ti [angle. 

0. Find the centre of gravity of any nnmlier of 
which lib in the same plane. 

0. The CBntro of gravity of a body being given, and 
that of a given portion o£ it, shew how to find ttut ol 

II. An equilateral triangle ie divided mto two parti Vf 
straight line which iiisects two of the aidea; Gnd the oaaM 
gravity of the quadrilaterflil portion. 

2. When a body is placed upon a horizontal plane, it « 
1 or fall according as the vertical lina through the o«tn 

gravity falls within or without the base. 

13. Distinguish between lUsiile and unstahle equilibriom. 

H. When a. heavy boJy is suspanded from a point abci 
which it can turn freely, it will rest with its centre of gravi^ 
the vertical line passing throogh the point of suspension. 

16. Find the centre of gravity of a pyramid on 

3. Shew how to find tba centra of gravity of a 
figure, 

IT. A body cannot be in stable equilihrium upon a bori 
pinne if it rests on less than three supports, the gupporls 
m/ppoaed to terminate in points. 
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18. Two unequal pbyncal lines cross each other, and are 
^tached at the point of their intersection: find their centre of 
jpravity. 

19. Find the locus of the centres of gravity of all right-angled 
triangles which can be described upon a given base. 

20. If the sides of a triangle ABC be bisected in the points 
D, E^ F\ then the centre of tbe circle inscribed in the triangle 
DEF will be the centre of gravity of the perimeter of ABO. 

21. A given number of weights (n), which are in geometrical 
orogression, are placed at equal distances along a straight line : 
^d their centre of gravity. 

22. How may the centre of gravity of a plane figure be found 
azperimentally ? 

23. Of all triangles upon the same base and having the same 
irertical angle, the isosceles is that of which the centre of gravity 
B n — Tcpt to the base. 

/^JL^Two rods of the same thickness, one of which is twice 
iS long as the other, are attached by two of their extremities so 
ks to be at right angles to each other. Find at what angle either 
}f them will be inclined to the vertical, when they are suspended 
3y a spring or tack at the right angle. 



murrmnH 



>^4M 



CHAPTER V. 



DEMONSTRATIVE MECHANICS. PABALLEI 
OF FORCES. EQUILIBRIUM OF A PART 



meaning of the proposition called the " 
gram of Forces," and we deduced ita truth by 
experiment : we are now about to ahew how the tri 
same proposition ma; be demonstrated, without 
to espcriment, by means of an axiom concerningfi 
have pursued this course, not became it is necef 
because it appears fitted to help the studoit o 
difficulties which belong to the firat stadj of Hi 
of Mechanics. The student has (we presume) n 
self acquainted with Algebra, Geometry, and 
metry, before he enters upon Mechanics; but tj 
jects are entirely confined to the properties of i 
iiunAer, and ho is likely therefore to feel eta 
difficulty if ho is thrown at onco upon the deni( 
of propositions concerning that which is bo nemr \ 
its character and properties as force. Bow it 
that by the study of the preceding chapters ttua 
will be obviated, and that being now thoroughl] 
with the propositions which ho 1ms to proves Iri 
find any very great obstacle in the way of conqn 
the proof. 

2. llie principle upon which we shall % 

proot of the Parallelogram of Forces is Oiis : o^iM 

upaii a jxtrtide maj/ be »uppoted to act at a. 

tM« line qf its diretlion, that point being t 

^Hpid/ff CQiineeted itith the particle. ^ 



Parallelogram of Forces. 
Thus let ^ be a particle, acted iipou b}' a furcc P 
a the direction AP; take B any point in AP, then 
'6 taaj suppoae P t() act at B inat«ad of A , pruvided 
1 £ be conceived to be r^dly connected to- 
r. This IB u principle the truth of which will 
lily seen ; it dues not require any experiment to 
re ii, bat may be regarded as an axioni, tlie truth of 
^h the stndent cannot fail tu aoe if he has really P 
Bnderatood what is meant by force, The principle 
ly however beilluBtrated thus. Suppose U' to be a weight 
Dging from a fixed point ^ by a fiue string, the weight of 

i irtiich may be neglected ; then there will be a cer- ^ 1 

tain pressure at A which will be eqnal to W : 
1 igaju, let ns put a tack through the string at any 
I point B, ao that the weight will hang from B 
d of ^, thou the pressure on B will be equal 
Fto W, and therefore the same as it was at j1 in 
I tbe fonner case: hence if we regard W a»& force 
I pfoducingapreasureinthehnejlfiW, wemaysay 
1 that W may he supposed to act either at A or at B. '* 
This being premised, we stiaJl proceed to give a deuion- 
a of the Parallelogram of Forces, wliich has been 
y enunraated. in p. 10; we shall find it convenient to 
le the proposition into two, in the first of which we shall 
^ IT the direction of the resoltant of two forces, and in 
ond its tnagnitude. 

PeoP. If two forcei, acting on a parliele at A, be 
ted in direction and faagnitude by the ttraight 
t, A.0, then the retultant witl be repreeetited in 
1 by the diagonal AD of the para/lelogram de- 
dup(mAB, AC. \ 

When the forces are e'/ital, it is manifest (((^t the 
n of the resultant will bi»eet the angle between the 
ns of the forces: ov, if we represent the forces in 
n and magnitude by two straight linea drawn from the 
t which they act, the diagonal of the parallelogram 
d upon these lines will be the direction of the result- 
)nce the proposition is true for er/iaii forces. 
Nest, suppose that the proposition, just proved for 
ll forces, is true for two unequal forces P and Q, and 
"r J*and R: we sh.ill shew that it will he true for 
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Let^be the point of application of the forces; tak 
to represent .P in direc- 
tion and roagnitiido, and 
^Cto represent <2; com- 
plete thu poriillelogram 
ABDG, then hy hypo- 
thesU AD is the direc- 
tion of the resultant of 
F and Q; and since a. 
force ma; be supposed to 
act ftt any point of its direction, we may consider D ■ 
point of application of the resultant of P and Q ; there 
since the rceultant is in all respects equivalent to its 
ponenta, wo may suppose the forces P and Q themseli 
act ftt i), P parallel to AB, and Q parallel to AG; at 
further we may suppose P to act at C, in the direction 

Again ; the force R which acts at A may be sap^ 
to act at C; take GE to represent it in directioli 
magnitude, and complete the parallelc^ram CDFE; 
by hypothesis, OF is the direction of the reaultooit of J 
R acting sA G: hence the resultant of P and R G 
supposed to act at F, or P and B ma; be supposed t 
selves to act at that paint parallel to their original direci 

Last); ; the force Q, which at present is supposed to b 
ing at D in the direction DF, may be supposed to act 

Hence we have reduced the forces P and Q + A, a 
at J, toP and Q + R, acting at J"; consequontiy / 
point in the lino of action of the resultant, and tb 
AFt& the direction of the resultant; that is, if tho p 
tion be true for P and Q, and also for P and It,tbit 
for P and G + -ffl. 

But the proposition is true for P and P, and & 
P and P, therefore it is tnie for P and P + P w 
Iherefore for P and P + 2P or 3P; and so onj Oei 
general); for P and mP, whore m is any whole tminb 

In like manner the proposition, ma; be exten^dlc 
and nP, m and n being an; whole numbers. We may I 
fore consider the proposition to be true for all forooe'i 

.', If two forces, &c. Q. i 
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PkOP. 1/ two farcer, acting on a particU of A, ^ 
mited in direction and magnitude hy the ttraighl 
&,B, AC, then the retuituHl will be repretented, not 
bi direction, but alto in nungnitude, bff the diagonal 
'the parallelogram deieribed v^m. AB, AC. 
bducB the diagonal DA to Sf, making AI/ equal to 
^nliant of AB% AO in 
EfHtfo; complete the piiml- 

n ABC'-D, ani join AC. 

a since AI/ is equal to 
WiltAnt of AB, AG, and C'^ 

jn the directioa opposite 

-of the nHnltant, the three 

AB, AC, Air balance 

ther, and therefore any 

'n the direction of tlie resultant of the other 
ia in the direction of the resnltaut of AB. 
is also in that direction, therefi)ro jIC, AV' 

the some straight line. Hence ADBG' is a paral- 

dbj Vann-andtlifl other by albs.; now the ratio of VS": 3 
r sipmHd by the mtio of tivo nhole onniben Rocdy. t bou^ It can 
temAot marly aiimrviefltiac TomakeUiiBmorBCliar.obaerye 
'M>m64 vtx} naatly ; bsnee ■v^ ; a :; M60K4 : lOOOOOM, veij 
bj taking more dadm&l plaaos we could make the ai>iiroxlinDtlDQ 
W latle 1b SeeoaM : lUDOaOCIO, we Bhonld seem to be safe In conclnd- 
to alKi trne for ths iiitamiaeiuarahk Votar* whose ratia la Vs : i. 
thv proponltjoit 
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lelogram; therefore ^D=SC': hatBC' = Aiy: thenfi 
AD=Aiy. And by construction jJC representa tba 
sultaot niAB and AGm magnitude; tberofore AI> , 
represents the resultnnt. 

.-. If two forces, &c. q.e.b. 
g. We hare thiis eatabluhed tlie proposition k 
the ParaUelflgram of Forces, without appeal to e 
as in Chap, u.; and the propoaitioD may now be 
to rest npon the same kind of evidence aa the theo 
Euclid. 

6. The proposition is sometimos stated in a fora 
which it 1b called the Triangle nf Foreet. We will a 
date it as follows. 

Pbop. If three Jbreei, acting in the tame plant, h 
equilibriumupon apartiete,andifinthatp{tmev»di 
any three ttraight lineg parallel to th* direeticn* iff 
/oreet, thenthe three side* qf the triangle no /ormedie' 
in the lame proportion at Iheforeee. 

Let O be the particle, P, Q, R the y 

forces; upon the diroctionB OP, OQ set ^ / 

off Op, Oq proportional to P and Q: /\/i 

comjdete the parallelt^ram Oprg, anil ^ y — -^ 
join Or, Uien Or is in the same straight \ 

line with OB, by the panUlelograin of \^ >( 

fiircea; and the three lines Op (or rg\ 
Oq, Or aro proportional to P, Q, R, — 
respectively. ' 

Now draw throo straight lines A B, BG. A O, parallel 
the directions of P, Q, R respectively, that is, parallel to . 
Oq, Or ; then the triangle ABC so formed is similar to 
triangle rqO; 

.: AB : BC : AC :: rq : Oq : Or, 
:: P : (I : R. 
.'. If three forces, &C. o.e.d. 
Cob. Hence, if two sides of a triangle, token invi 
from an angular point, represent in magnitude and di 
two forcee which act at tluit point, then the third sidc^ 1 
liti:en in the lame order at the otJutr twa,yrSl reprewnl'l 
resultant Tliiia if AB, BG represent two forces adiiig.<| 
piirticleat/4,then ^(7 (not £7.J) will represent UiereoidV 
7. We may generalize this propositinn Htill fiirtber,! 
lioduce what may bo called the Pulygun I'/Fi'rcet. 
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J/ the ndt* (if a polygon A.B, BC, CD, DB,,.. 

I PA, represent in magnitude and direction fiireeg 
a particle, tliete force* will produce equili- 
:<Briu7n,- and any orm of the tidet, an AP, ta/cen in the 
opposite direction to that above ntppoted, vrill represent 
the remUant qfaUthe rett. 

Join AC, then jJC represents tho resultant of AB, BC. 
Join AD, then AD represeuts K 

the resultant of AC, CD, Le. of 
AB, BC, CD. 

And BO on: honce ^A'' repro- j^^ 
Boats the resultant of AB, BO, 

CD,DE 

But the forces represent*!! liy 
AN, NP, PA, are in equilibrium ; u 

hence the forces represented by AB, BC, CD, DE,...NP, 
PA are in equilibrimu. 

H ence the firat part of the proposition is true ; and the 
second immediately followa. 

.". If the sides of a polygon, &c. q.b.d. 
Oaa. It way be remarked that the straight lines, AB, 
BC, &C., need not be all in the same piano. 

8. The student is already acquainted with tho applica- 
liira of the parallelogram of forces to the resolution of a force 
mto two eomponenta in any directioos (Art. 12, p. 12), and 
liii vill remember that we espedaUy called attention to that 
i^ane of resolution in whiuh the components are at right angles 
tu each other (Art. 14, p. 14). We shall now proceed to 
»pp!y the principle of reeolution and composition of forces 
lo Ihe fuUofring rery general proposition. 

Pbop. ATiy numlier of fortes act at the eame point, 
' I' -ir directions all lying in the same plane; to find the 
Urtetion rmd magnitude (f the resultant. 
Let P Be any one of the forces acting „ 
,i<ii]it A. Let tho plane of the 
<li;it in wliich the forces act; 
i[ie choose any two lines at 
^.-iii ::.\'.'-u> each other, AX and AY, ^^ 

>it be the angle which the diroc- 
I XP makes with AX. Then P is 
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In like iiiauiicr,&forcoP', the directioii of which 
Ml Bjiglo ff with AX. is equivalent to 

P* COS &■ acting in the direction ^X, 

together with P* sin C AY. 

AudsooDfortmy number of forces. Hence, adding to| 
the forces wliich act in the same direction, «c shall 1 

system uf forces P, P', acting at angles 6, 6" 

the line AX, equivalent to 

Pc(>3 6+P'cos^+ acting in the directioi 

together withPsine + P'si ' 
For BhortiiesB' sako, let 
Pcostf + P'c 



fl+P'BmS'+.. 



..= y; 



rahjoin some esaniptea of the procoag of <XHI 
tiou described in the preceding Article, 

&I.1. A weight of 10 Iba. is supported A 
by two strings, each of wbicb is 3 feet long, 
tbe ends being nttncbed to two poiDtB in & 
homontal line 3 feet apart ; to find the 
tennon of each string. 

Let A, Bha tbe two point* o( snpport ; 
AC, BC the Btrings; C the weight, T tha t 

tuuion of either of the stringB, that ie the force which it i 
upon the weight in the directluu of italen^. Dmw CDpat, 
oa]at to AB; thru .A£(7 is an equilateral trinngle, uidACO^ 



Then resolving the t 


.o tension 


a vertically, we hsn & 


resolved part of each T 


0.30-rf ; 


nd the two W 


ruolved parts together su 


pportthe 


woight 


f 10 lbs.; 




-. rV3 = 


10. 
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ipon by forces of 1, 2, 3 and 4 lbs. 
■espectiyely, tending to the angular 
>oint8 ; to find the magnitude and direo- 
ion of the resultant force. 

Let A be the particle, and draw two 
itraigbt lines AXy AY perpendicular 
o the sides of the square, as in the 
igure. Then it will be seen that the 
ipplieation of the formulae of the pre- 
ceding article gives us the following ; 
i2 cos 0= 1 X cos 450 + 2 X cos ISS^ + 3 x cos 225<> + 4 cos 315«, 

= cos 45<*-2 cos 46* -3 cos 45<> + 4 cos 45<> = 0; 
£Bin 0=lxsin 450 + 2 xsin 1350+3 xsin 2250 + 4 sin 3150, 
= sin 450 + 2 sin 45® - 3 sin 450 - 4 sin 45* = - 4 sin 45®, 

= -2^2. 
.•. 0=900, and J2=- 2 sl%; i. e, the resultant is a force of 
2 is/2\ha. acting in the direction opposite to A Y, 

Ex. 3. If four equal forces act by strings upon a particle, the 
angles between the directions being 300, 450, and 150, to find the 
direction in which the particle will begin to move. 

Let A be the particle ; then the first 
and last strings are at right angles to 
each other; therefore we may conveni- 
ently take them as corresponding to the 
fines of reference which we have called 
AX and A Y, Let A B, AC he the other 
two BtringB, and P the force exercised by 
each. Then we shall have 

Jt cos 0=P + P COS 30O + P cos 750, 
It sin 0=P sin 30«+P sin 750 + P; 




tan 0: 



l+sin 30+ sin 750 
1 + COS 30 + COS 750 



^^/2 + ^^+l 



l + ^ + 



s/a+i 

2^/2 



1 + — - + — 

^ 2 + 2V2" 



TioM formula may be reduced to numbers, and determined 
hj meaiii of trigonometrical tables. 

' 10. We have already enunciated in the form of the 

ftl• qf forces the most general conditions of the equili- 
dKf a qfstem of forces acting on a particle ; this may be 
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called the geometrical form of the eonditiona of equilibii 
We shall now investigute the conditioiiB algebraioally. 

Paop. To find the, conditiont qf equilibrium of i 
eytlim offorees, acting in one plane at Ike same point 

Suppose tlie forces to be all reduced to one (Bj, 
Art, 8 ; then in order that there maybe eiinilibriuni, we 

li=0, 
or X'4-y= = 0. 
And this equation cannot bo true, unless we hare 
X = (l and Y=0; 



jse + P'H 



.. = 0. 



These are the conditions of eqoilibriuni ; and they 
bo expreBsed in words b; saying, that the gum <ifthifii 
resolved in anytKO direetiom perpendicular to each ol 
must vanith. 

II. We shall now illustrate these principles of egi 
brium by applying them to several exaniplea. 

Ex. 1 . If three forces, P, Q, R, be in equilibriam npc 
poiot 0; then 

P : q : R :: Kin QOB : sin BOP : ain FO^ 
Thia im mediately rollowB {rom the CriaTtgle of forOi. 
referring to the figure of Art. 6^ we have 
P:Q:R::AB:BC.AC. 

aACB : aln fl^iC :ain JfiO, by TrigonoDll 
n tiOR : Bin ROP : sin PO(t. 
It will, boweyer, be worth while lo daJuce the 
prineiple ot the preceding Article. 

Draw any two atraight lines OX, 
OT a.t right alnglea to each sther, and 
let XOP^S, XOQ = <l>, XOR = <(: 
tlieie angles being all meaaured tbe 
Bome way coiuid from OX. 

Then, in order that P, Q, A may 
be in equilibrium, we must have 
PcobB+Q coa^ + flcOB iji—O, 
Pain 0-1- Q sin #■)- iisin^^O. 
Multiply these equations by sin ^ 
and ooa f respectively, and subtraat; then we have' 
"n ^cosfl-siti flooa^H Q (am ^ cos^-a' 
Psin {^-e)-i-Qsin[^t-0) = O; 
ii - S = 360" - ROP, and ij* - ^1= GOSi 
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.-. -PtiinJlOP + QauQOR=0, 
P _ Q 
^^' Bin QOR ~ sin JlOP ' 

Hence we may conclude that 

Bin QOR =" sin HOP " sin POQ' " ^^°^®' 

Ex. 2. A small ring £ is attach- j^ 

to>the extremity of a thread AB, 
bich is fastened at A, CBW is 
lother thread passing through the 
Dg B and supporting a weight W, 
ofind the position of ^; ii and Q 
aing in the same horizontal line. 

We are to regard the ring ^ as a 
uticle, kept at rest by three forces 
cting in the directions of the three portions of thread which 
leet in it. Concerning the force exerted by AB, in other words 
ae ttntion of the thread, we know nothing, we will therefore 
enote it by a symbol T; the length of -45 is given, call it L 
^th regard to the other thread, we observe that the force 
xerted by the upper portion of it, CB^ must be equal to that 
ixerted by the lower portion BW, in other words, the tension is 
he same throughout the same thread ; therefore we shall have a 
iwce W in the direction BC, and another force W in the direction 
Btr. The distance A C must be given, call it a. And let BA C= 0, 

Then, resolving the forces horizontally and vertically, we have 
fte two following equations ; 

Tcos^- Tf cos = (1), 

T sin $•¥ W sin 0- Tf =0 (2). 

I Bat these equations involve three unknown quantities, T, 0, 
^ ^ therefore we must have one other relation between them ; 
Am ii supplied by the trigonometrical conditions of the triangle 
^^C; for we have 

I sin 



a sin {0 -f 0) 



.(3). 



How. multiplying (1) by sin 0, and (2) by cos 0, and subtract- 
%» tee results 

T7 (sin ^ cos 0+ COB ^ sin 0) - PT cos ^=0, 
or, sin (^ +0) = cos ^, 
.-. ^+0=900-^, 
or, 0=9O«-2d (4). 
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Ei. 3. A rod SO is moveable 
vertical plana abouC a hiagE at £ i a thread, 
Httached to a point A in the game hurizonUl 
line aa B, passes over the estremity of tho 
rod and supports a weiglit If. Omitting the 
weight of the rod, it ie roquirad to find the 
position of equilibrium. 

Id thii problem we must regard the ei- 
trsmity oS the rod an a partiale, which is 
kept in equilibrium by tbe two forces exerted 
by the thread in tho directionB CA and OW • 
that which the rod itself exerts in the direotii>]| of 
Tho firat two forces will be each equal to tV 
bjP. 

Then if AB=a, BC=b. BAC=B. ACB-. 

living the forces horizontally and VBrtically, th 

H'ooafl-Pco8(0 + *) = 

irninfl-f sin(fl + ^) + H'=0 
have also tbe Trigonometrical condition, 



Having obtained these three equaUons, S, ^ uii 
be found, and tbe problem may be eompleted in the ■ 
as the preceding one. 

suggest I 
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Principle of the Lever, and those which arifie from the 
necessary geometrieal connection of the different parts of 
the system. In conjsidering the eqniUbriuni of a particle, 
itcted upon by forces whose directions lie all in one plane, 
the equations which resnlt from the Parallelogram of Forces 
are two and only two; and these we call the imehaniad 
equai'wm of the problem. If these equations involve only 
two untnown quantities, tliey contain the complete solution 
of the problem ; but if, as is frequently the case, they contam 
more than two, then other relations among the unknown 
quantities must bo sought from geometrical considerations ; 
die equations so found, which of course contain no forces, 
but only linos and angles, are called gmmetricai eqitatvma. 
And in the solution of problems it is always necessary \a 
obtain as many equations as there are unknown quantities 
involved ; so that if there be n unknown quantities, we 
must, before we can solve the problem, obtain h — 2 goo- 
metrical relations among them. 

It may be further remarked that the greater number of 
Btatical problems niny bo solved in more than one way. 
The advantage of the general raotJiod given in p. 56 is, that 
it includes all kinds of problems, that it is simple in its 
principle and easily applicable in almost all cases, At the 
BBino time it must bo allowed, that man; problems may be 
tolred more concisely by choosing methods peculiarly suitAble 
to them. In the case of Ex.2,p.57,for instance, the equation 
H), which together with the geometrical equation (3) contains 
the solution of the problem, may be obtained readily thus : 
The tension T is in the direction of the resultant of the 
two tensions which act in the direetiona BC, B W, But these 
« latter tensions are equal ; therefore AB must bisect 

igle between BG and B ]V. 
BTdw WBa=W+'l>\ 

fby our principle, ^^^^BAG+BCA {Ecrc i. 32). 
.■. 9O» + ^ = 2fl + 20, '■''''- '■'• f^ 

or <^=m-lB, 
\ !b the equation required. 

he same method will simpUfy the solution of Ex. 3. 
dent will often meet with coses in which a little 
y.inUaaTe much trouble; he should however uu u(t 
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account neglect the appUcatioTi of the nnifoi 
metbud of p. 56, which, thoagh not nlwaya the 
certaial; the surest. Bometiniea a geometrical a 
will be able to take the place oE elimination amoD 
equRdons, and, irhen familiar with the subject, I 
may adopt in each problem the method which ee 
best ; but he must remember that he is studying 
aud not Geometry, and therefore those metho 
moat important and best, which exhibit from t 
point of Tiew the mechanical conditions of the p 



EXAMINATION UPON CHAPTEK '^ 



2. Estend the proof to the i 

3. A^uming the parallelDgrajn of foroesso far as I 
of the resultant is concemed, proyo it sb to majmifiKJ 

4. EnuQOate the Trianyh of Forcei, 
E. Enunciate the Polygon, of Forus. 

6. Dateimiae algebrucolly the direction uid IE 
Ihe resultant of uij number of forces acting in gin 
an the aame point, the directionB beiug BUppoaed to 1 
plane. 

7. Investigate algebraicully the conditions of eq 
a particle under the action of any foreea whose diroi 

g. The resultant nf two forces which act at rigl 
each other is equal to n tinea the geometriorl tat 
them ; find the ratio of the two forces, and tbs imal 
n for which tiie problem is possible. 

9. Given tbe sum of two forocs, and thar i«a 
l^ey act at an angle of 6u° with eiLcli other ; find th( 

110. A and B can each carry a weight of P 
weight can they carry between them, when qral 
Ipart, by meaus of two cords, each b icet kmg, otto 
Ualhr 
^•qul 



... Two equal weights {W) are attached to tlw 
■talhread, which ia suspended from ibrtx toeluinA^ 
' luiglc ; find the pressure an eM& tfte 
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12. In the preceding problem find the vertical strain upon 
lach tack, supposing the base of the triangle to make an angle d 
fith the horizon. 

13. A particle at the centre of a regular hexagon is urged 
owards the six angular points by forces equivalent to 1, 2, 3, 4, 
I, 6 lbs. respectively ; determine the direction and magnitude of 
he resultant. 

14. A, B, and pull at the ends of three ropes which are 
□lotted together in 0. ^ and C are of equal strength, and A is ,^y 
IS strong as B and C together ; what help will B and C require C 

•/} maintain in equilibrium against A when BOO =60^1 

15. A fine thread has a small ring at one extremity; tbe 
other extremity is passed through the ring and attached to a 
weight ; the whole is suspended by means of the loop thus formed 
from two smooth tacks in the same horizontal line ; determine 
the position of equilibrium. 

16. In the preceding problem find the direction and magni- 
tude of the pressure upon the tacks. 

17. A given force i2 is divided into two others P and Q 
{P-\-Q=R); prove that the resultant of P and Q, supposed to 
act on a point at right angles to each other, will be least when 

18. Six men puU by means of a rope 100 feet long attached 
to the top of a tree 60 feet high tow^urds the South ; and five 
mea by means of a rope 12 feet long towards the East ; find in 
"what direction the tree will fall. 



CHAPTER VI. 

DEMONSTRATIVE MECHANICS. PRINCIPLE OF THE 
LEVER. THEORY OF COUPLES. CONDITIONS OF 
EQUILIBRIUM OF A RIGID BODY, THE DIBEC- 
TIONS OF THE FORCES BEING ALL IN ONE PLANE. 



1. TN the preceding Chapter we have been concerned 
JL entirely with the equilibrium of forces acting on a 

particle, or the conditions under which a particle acted upon 
by any system offerees whose directions are in one plane can 
be at rest. In the present we shall be occupied with the con- 
ditions of equilibrium of a rigid body; we haye already, in 
Chap. III., considered the particular case of two weights 
suspended upon a lever, and we shewed, experimentally, that 
the condition of equilibrium was the equality of the moments 
of the two weights about the fulcrum : we shall now shew 
how this and some more general results may be deduced 
from the Parallelogram of Forces, which in the preceding 
Chapter we have demonstrated. 

We shall commence with the Principle ofths Le^MT, 

2. Prop. If two forces acting at the extremities (^ 
a lever, and tending to twist it opposite ways, produce 
equilibrium, the moments qf the forces about the fulcrum 
are equal, 

I. Let the directions of the forces be not parallel. 

Let P and Q be the forces, acting 
at the extremities A,B,of the lever 
AB, Produce the directions of P 
and Q until they meet in C; then P 
and Q may both be supposed to act 
at C, Take Om, Cn, proportional 
to P and Q, and complete tile paral- I* ' || 

lelogram Cmpn ; join Cp and produce it to cut AB ia ft 
then the resultant of P and Q acts in the direction OO^ ttd 
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-hereforo must he the fulcrum, otherwiBe there could not 
be oquilibrium. Draw OD, OH perpendicular to AC, BO; 

t— = ^ — ^'^ - ™Q'™ ^ Bin nCp 
Q On ~ mp ~ Bin mCp ^ sin mCp 
_ OCsmOGE OF. 
~ OC^OGD' OD- 
:. P.OD=^Q.OE, 
e moments of P and G about are equal, 
I. Let the directions of the forces be parallel. 
^n thia case the directions of the forces, wheu produced, 
will uot meet in a point, aa auppoeed in the preceding 
investigation ; and we lunat tlieroforo elightly modify the 
method. 

At .^ and B apply any two equal aud opposite forces 
S in the direction of the 
leTerj this will manifestly 
not affect the equilibrium ; 
then the resultant of P and 
S will be A force in the 
direction CA, suppose, and 
that of and S a force in i" " 

the direction OB. Suppose them both to act at G, and 
tliere to bo resolved into their constituent parts P and S. 
Q aud 5'; the portions S, A' will destroy each other, leaving 
a resultant P-t-Q ia the direction CO parallel to tim 
directions of the forces. 

Then the sides of the triangle AOGaxe parallel to th:; 
directions of the forces P, 3 and their resultaat ; therefore 

(the trlanyh <if forces (Art. 6, p. 62), 
Tf 




f In liko m 



S BO' 

:. P.AO = Q.BO. 

Tf the forces P and Q be perpendicular to tlio lever, 

this fomiuin proves the proposition ; if not, from draw 

OD, OE porpondicular to the directions of P and Q ; then 

»^Oi>,i?0£ being similar, 7 ' 



Pi 



J 
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JO_BO 
OD OE' 
and .-. P.OD = Q.OE. 
Hence If two forest, &c. Q.E.D. 

3. We have in the preceding demonstr&taon sni^ 
that the two forces act at the extremities of a ^^ 
rigid rod; but it is nut difficult to see, that the propoaU 
is true of two forces acting in the same plane upon I 
rigid body one point of which is fixed. 

For let P and Q be two forces acting at the poiub. 
and £ of a rigid body, in 
which the point is 
fixed. Through draw 
any Btra^ht line A'OB\ 
meeting the directions of 
P and e in ^' and & re- -^^ 

speetirely ; then P may be suppitsed to act at A', and 
at B, and thus the problem ia reduced to that of two foro 
acting at the extremities of the straight lever A'OB'. 

4. We shall now proceed to the general problem 
the equilibrium of any number of forces, acting in t 
game plane upon a rigid body. The most elegant niethi*! 
of treating the problem, and the simplest, is that wliirti 
depends upon the proportiea of couples, whiel 
therefore in the first place explain. 

5. Ugf. Two <tqual and opposite forces acting: it 
right angles to a rigid rod are called 
a couple. 

Let the two forces, P, P act in 
opposite directions upon the extre- 
mities of AB, and perpendicularly 
to its length, thou AB '\» culled the 
arm of the couple, and P.AB is 
called its moment. 

S. Now the peculiarity of a couple i* this, that it- 
the only ea*e rf lico forces acting upon a leeer, in 
it M impOKtible to find a third force which totUv 
Other two produce equilibrium. If possible let CH 
point iu the direction of AB produced, at which a I. 
may be applied which shall be in equilibrium nitb the 
forces of the couple. Then by what has been 
proved (Art. 2) we must have 
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P.AC^P.BC, 
or AG=BC\ 
hich IB impoBsiblo. 

The same truth m&y be bcuii from the following simple 
mBidoiation. Suppoae a force 
led at (7 to be capable of 
aepiog the ajstem iii cqutlibiiiim ; 

vesa produdng AB and making _ 

^I>=AC, a force applied at Z*, I I 

I the direction opposite to that T * 
'hich we supposed applied at G, 

be situated exactly in the same manner with reference 
I the couple as that at C: so that if a forco at C can keep 
le system in equilibrium, an opposite force applied at D 
in do the same, which is absnrd. 

Hence wo may conclude, that the effect of a couple 
pon a rigid rod will be to tend to make the rod twiit 
bout ita w iA d l e point. f> > ' ^' 

7, The apfdication of the method of couples to the 
iveetigation of the conditions of equilibrium of a rigid 
i>dy depends ii])on the three following propositions. 

8. Prop. The ^ect <\f a couple is not altered by 
uminff itt arm about one extremity through any angU 
In thaplam of the force*. 

Let P, P be the forces, AB the arm of the couple: 
ihrough A draw Aff eiju-'il p, 

ioAB, and making any angle 
irith it r ai A apply two uj)- 
wsto forces, in the direction 
erpendicniar to AB', and 
sach equal to P; we shall 
call them P' and P" for dis- 
tinction's sake, but it will bo 
borne in mind that the]' are 
each of the same magnitude 
At B", in like manner, 
kpplj the equal and opposite forces J?', P", as represented 
" the figure. Produce the dirwtions of P at B, and P' at 
■ to meet in C ; then P, P" may be supposed to art at (7; 





□ 
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Now in the triangieB SAC, BAG, we have AB^AS, 
and AC common, ftnd the right angle ^5C=tlie ri^ 
anglo ABC; .: BC=B'C, and the triangles are eqoal k 
all respects. 

Hence AC bisccta the angle betweeu the two eqnil 
forces P, P"; and therefore P, P' acting at G will ham 
resultant, {R suppose,) in the direction GA. 

Again, since PA ia parallel to PC and A C meeta tlw 
the angle PAC-PCA: in like manner the angle i*Jd 
=P'GA ; hence the forces P, P" acting at A will hiTO*. 
resultant R, in the direction AC. 

The two forces R, R, acting at A and C, 
directions, will neutriklixe each other; and thus the 
forces left are P" at A, and P" at B. That is, the ooB 
with the arm AB has been transformed iuto a couple v 
the equal arm AB, and equal forces. 

.'. The eS&et qf a couple, de. q.&J). 

9. pKOP. Th4 effect of t«!0€<Mplai,t!uartatqfvt 
have a common extremity, and which tend to twitt te 
tame direction, i» the tame provided tJieir 



Let AS be the arm of a conple ; P, ^ the foreea. 
A apply a forco greater than P,P + Q pfQ 
suppose ; and at C, a point between A 
and S, apply the force P+Q in the 
opposite du'oction. 

Then the two opposite forces P + Q 
and P, acting at A, will be equivalent 
to a force Q acting in the direction of 
the former; and by what has been 
proved in Art. 2, the force Q at A, and the force P at 
will bo in eiiuilihrium with the opposite force P+Q ti 
jirovided 

Q.AG=P.SG, 
01 {P + Q)AC=P{AC+BG)= P. AB. 

Hence the original couple will be entirely counteiu 
bj tfie new couple which we have apjilied, vhioh bu : 
same moment and t^uds to twist in the opposite dlrectin 

.-. T/ie ^ect o/tKO couplet, <fe. q.b,d. 

10. Taking this proposition in conjunction with fbtl 
*e see that if one extremity tff the arm be giren fh» d 



P+Q 
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^a couple depemdi entirdy upon its moment; hence it lm 
Hot unuBoal to denote a coaple by its moment ; thus if wi' 
liave a ooaple of which the forces are P, P, and the onn a. 
We ilioald call it the couple P . a. 

11. A couple which is eqiiiyalont to any num1)cr of 
€oiipleB is called the resultatU of those couples ; and those 
ooapleB are called with reference to that resultant romp<h- 

" nmi eouplee. 

12. The algebraical sign — , which wo have found useful, 
^ , H designating the direction of a force, may also l>e applietl 
s. vSth adyantage to couples: thus, if wo havo two couples, 

QM of whicb tends to twist a body in one direction and the 
, other 'in the opposite, we may distinguish them by the signs 
V +and — attached to their moments. In the preceding pro- 
^ position, for example, we obtained the result, 

{P-\-Q)AC=P.AB, 

Gr(P^Q)AC-P.AB^O. 

If we agree to call one of these moments positive and the 
other negative, we shall have this result, 

the algebraical sum of the moments =0. 

This result we shall gouoralize and further elucidate ]>y 
the following proi>08ition. 

13. Frop. The resultant of any numher of cuupf^'n, 
thearme qf which hare a common e ,vt remit y, is that rouph* 
which has for its moment the ahjcbraical sum nfthe um- 
mente of the component couples. 

Let POi P'rt', P'V, bo the couples; and lot us 

reduce all the couples to the arm a; thus the couple P't{' 
will be equiyalent to a couple having an arm a, and foror 

P*.-, since P'oC'^P'.-'. AT, (Art. 9^; and PV will Ik* 
a a 

equiyalent to a couple having an ann a, and force P". ' ; 

and so on. 

Now sapposo J? to be the resultant of the forces acting 
at either end of the arm a^ when the couples have boon all 
rednoed to that arm ; 

.\R=^P-^P',-+P"f-^ 



a 
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And hj the pMtceas adopted, the couples are all 
) one, having an arm a aud force S ; 

■ .'. the momont of the resultant couplers. 0, 

^Pa+P'a'+P"(^'+ 

If the couples should not all tend to twist in I 
direction, the moments of those which tend iu the 
opposite to Pa will be n^;ative. 
/. Tlie resultant, &c. ce-d. 

14. The three propositiuna which have been provedi 
Arte. 8, 9, 13, contain (as was announced) all tlie neceenij 
properties of couples, when we consider the action of fowa 
' I one plane only, We sliall now apply the theory d 

mples to the investigation of the conditions of equilibrium 
of a rigid body, the direction of the forces lying alt in 

15. Fkop. Any tyitem of force*, {the direetiont^ 
which lie in one pltme,) acting upon a rigid body, pu$ h 
reduced to a single force, and a tingle couple. 

Let P be any one of the forces, ading 
n the direction BP. Take any point A 
n the plane of tlie forces ; and at A 
apply two equal and opposite forces P, 
parallel to BP ; this will not affect the 
condition of the body. Draw AB per- 
pendicular to BP. Then instead of the 
force P acting in direction BP wo have 
now the force P acting at A parallel to BP, and the 
P.AB. 

In like manner, each of the forces may be reduced (01 
force at A parallel te its direction, and a couple the 
which has A for one extremity. 

Now all the forces at A are equivalent to one 
force (Art 8, p. 53); and all the coupler/ the arms 
terminate in jJ are equivalent to oae retitltant 
(Art. 13). 

.■, Any system,, £e. q.b.d, 

IG. It is easy to see, that the resultant force 

in Uie preceding proposition will be the same wht 

point A is taken ; for if P be any one of the foroea, 0' 
angle which its direction makes with any given straigU 
thrangh A, P may be resolved into P cob$ parallel to ' 
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line, and P ain 6 perpendicular to it (Art. 8, p. 53); and 
other forces 1^, P". . . may be reBolved in iike manner ; hence 
if A be the resultant force, and <^ the ajigle which its 
direction makea with the lino from which $ is measured, we 
have 

J^cosrl>^Peoa0-^■P'cosO'-i■ .,. 

Jismi, = pBia6 + P'sm6'+ ... 

which results are altogether independent of the position of 

A. But in calculating the moment uf the resultant couple 

ne must find the algebraical sum of the moments qf the 

Jbreee with respect to A : thus if AB=a, and the perpew- 
dicular distance from A upon the direction of P' be a', and 

moment of resultant couple =Pa+ P'a' + ; 

and this quantity manifestly dexwnds for its value upon thoae 
of a, a'.. .that is, upon the position of.il, 

17. From the preceding proposition wo can at once 
deduce the Cottditiom of equilibrium /or a rigid hody. 
For wo have already shewn that a force and a couple cannot 
counteract each other (Art G); hence, if a system offerees 
be reduced to one resultant force, and one resultant c<niple, 
~ a tvo must leparately vani*h, that is, tve must hare 
resultant force = 0, 
moment of resultant couple = 0. 
forraer of these conditions dJTides itself into two ; for 
n Arti 10, p. SG], if a force = 0, each of its components 
Hence according to the notation adopted in the 
g article, we shall have for the couditiona of eqnili- 
a of a rigid body 

PcoH0+P'coafl'4- = (1), 

J'sine + /''siniJ'+ = (2), 

Pa+P'a'+ =0 (3). 

The equations (I) and (2) maybe called the equations of 
e<iuilibriuni as regards tramlatioti, and are identical with 
, tboM which hold for a single particle ; equation (3) may be 

Btbe equation of equilibrium as regards twisting or 
H, and ia jieculiar to the case of a rigid body. 
It ia worthy of remark, that if a rigid body be 
i of motion only about a certain flx^ axis, the thret 
M 
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ngiMlioiia of the preceding article are reduced h> tme; lot 
ia tbiscaHeany tendencj to Irausliitionwill be conntencttd 
iij a pressure on the axis, and the wlo condition of OQiii- 
librium will bo that the resultant nioiDent of the forces abott 

ixis shall be zero. NevorUieless we may in tb 
&pply the throe equations, if we desire, notonly todetenniin 
the position of equilibrium for the body, bat also to detw- 
e the pressiu^ upon the aiis : for let M be the presson 
Upon the axis, i^ the angle which the direction of R w^tt 
irith the line from which 6, ^...nre measured; tbfsa tbt 
equations (1), (2), of the preceding article, will become 



Rsi 



i-^ + Psi 



>s^+... = 0, 
..=0; 



n of the eqntiniis 
e propose tudi) 



and these will determine both R and tp. 
We shall defer tiie full applicatii 
tf equilibrium until we have diacussQ<l, ai 
|iD the nest chapter, what are called tbe Mcchanit^ Powen, 

r the simplest oases of Abchines; these might 
'tidered merely ae examples of the principlea of this uid tte 
preceding chapter, but it will be convenient to group 
■ together (as is usual) in one chapter those problems wliidi 
have a practical bearing, and then to collect in another 
examples as may be considered chiefly theoretical and 
gseful as illustiutionB of Mechanical Frinciploa. We i 
liowever illnstrat^ the meaning of the equations of 
chapter bj a few simple upplieationa, 

Ex. ]. AB is a vertical poat 
tnoveabla aliout a. binge at B; two 
iaen at C and D pull at the post 
t^ nieaTiB of cards attached at A ; 
giren the height of the poet and 
the lengtliB of the corJa, contparo 
tbe atreogOis of the hibd when A B 

Let JS=p; CA=I; Z)J = T ; P, P' the forces wceitwl by th« 
ro men. Draw BE, tIF perpendioular to AC, AD tvxpvAvAj' 
itbtm for eqailihrium we must have 

It of P about B=tD<tmeai til P' about B, 
oc P. SE^P'.BF; 
irtrUnglea J5(7, EEC. 
AB _BE 
AG £C' 






milarly, BF=^,^i'^-p\ 

■■ p'-'i-W -pr-^ ■ 



LdliB formula givea ub the ratio raqiured, 

Ex. 2. We see from the preceding investigation that th 
Itct which B, man can prodnce, by meani of a rops attached i 
ler described, ia messured bj the moment of the fore 
which he eierts, not by the force itself. Let UH illuetratB thi 
by inqniriDg under what cirounistaacca a man can A 

with the greatest advantage pull at n tree AB, 
b; nieana of a rope nf given length CD, attached 
to a point D in the tree- 
Let F be the whole force which the man can. 
eiCTt; CD = l; DCB=e; draw BE pecpenriicular 
to CD ; then the moinmi of F about B 

= FxBE^FxBUBme, 



^Fxlix 



.'■^2.. 



wilaSffhM itfl greatest value when 36 = 90°, or e=45". 

e BC=BD; or the man wilt pull to the greatest 

■itagc, when the height of the point of attachment of the rope 

" e roan's distance from the tree: and the moment 

d will be equal to that which wonld support the greatest 

' e man can lift, suspended from the extremity of a rigid 

>a long as the rope. 

E. 3i Let ua inqnire in Example 1, what will be (be pros- 

hnafauned at the point B. 

>t A be tile pressure, and ^ the angle which its direction 
M wUh BD ; also let ACB=B, AD1I = 8'; then we must have, 



a S-P'ainff' = 0... 



...(2), 



s correapund to (1) and (2) of Art. 17. The third 
a of Uiat article, or the a/uofion of ntomeali, we have 
d in Ex, 1 ; we will however repeat it, making use of 
notation ; it will be aa f otlowa, 
-P'p COB e'= 0. (since BE=p 008 6, BF=p coa 0'), 

orP COB (?-i" COB fl' = (8), 

B ^ rediioea (1) to the following, 
.Scoi 
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.: *=90», 
laiiliieu R = P ma 0+ F lia a", from (2). 

Hence therefore the pvessure &t B will ba a vertiail p. . ._ 
and equftl to the sum o! the vertical reaolved parts of P »ai 
This is acDDclaeioD which might bare been autioipated ; bnt! 
desirable to see how the result arises from (he genanl ec 
of equilibrium. 

Ex. i. AB a » heavy benm, 
moveable in a vertical plane about 
A, and inclmeil to the horizon at an 
angle of 4s° j required the force 
nUoh must be exerted by a maa 
standing at C, where AC=AB, ta . 
prevent the beam from fallii^. '- 

Let the weight of the beam be W\ this we maj ngnii 
single vertical force acting at the centre of gravity (7«f thah 
and will be the middle point of J £ if we regard Um b 




uniform. Let J* b. 

Then for equilibnc 
bs equal ; 



forci 



ji^5C=H'x^CQ« iB", 



n22''3< 



= ^siii45»=H'. 



n22*30'M>ia2t»'; 



which is the furce raqnired. 

Sx. 5. In the preceding exninple, aiinEx. S, thetwaeqni 
of equilibrium whicb tie have not used will give UB the pm 
Buatuned by the ground at the point A, loBtead of oallini 
pressure A m id the former instance, and denotiDg by ip (hg | 
which ita line of action makes with the horisDn, we will t*l 
and Y to represent its horizontal and its vertical resolved 
respectively. We shall then have, if we resolve horizontallj i 
verticsUy, 

X-PcosBCA^O, 
T-W-FAaBCA^^O; 
buiBCA-SS'Siy, and P=IVco»22°80' 

r= P cos 22' S0'= W cos' 22° 30' = -^ (1 + ooi 



4(-i). 
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and r= W+ P sin 22« 30'= TT (1 +8in 220 30' cos 22® 30') 

These two expressions for the resolved parts X and Y entirely 
determine the magnitude and direction of the pressure ; f or if iZ 
and have the meanings above assigned to them, we have 

—'■' '/ > i^»=Z>+^^ and tan 0=-?. 

/\ . V Ex. 6. The general principles of equilibrium require, that 
the forces resolved in <my two directions at right angles to each 
other shonld vanish, and that the moment of the forces about any 
point should also vanish. We will illustrate this by resolving the 
forces in the preceding example in the direction oi AB and perpen> 
dicular to it, and by taking the moments about B, In considering 
the problem thus we must regard the beam A Baa under the action 
of the four forces P, W, X and T; and we will slightly vary the 
problem by supposing il^ to make with the horizon a given 
angle $; then we shall have 

IFsm e+P cos |-X cos ^- F sin ^=0 (1), 

WiSOB e-P sin - + Zsin ^- Fees ^=0 (2>, 

Zosin ^+ T7^ cos B- Ta cos ^=0 (3>. 

Multiply (1) by cos $, and (2) by sin 0, and by subtraction 

there xesulti^ 

(0 0\ 

cos ^cos- + sin ^sin -\-X=0, 

or X=P cos -. 

Again, multiply (1) by sin 0, and (2) by cos 0, and by addition 
we hare 

W+P f^sin^cos|-cos^sin|j-F=0, 

or r=T7+Psin|; 
therefbrefrom (8) 

= Fees ^-X sin ^, 



2 

= Troos^+P 





— W COB 0-P am-; 



( sin - COS ^ - sm 9 COS - j, 
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IF = 45'', tknse ntaultsftgree vith tboca already obt^Bel. 1 

SO. We nill coaclude this diqrtier by shewing bow tli 

principle of the lover lua; be Dstiiblished indcpenilentlil 

of tho panUlelognuu of forces, and how it may Uteo kl 

made the basia of a systom of r' 

21. The domonBtratiou depends upon tho foHoii 
axiom. Ttoo equal wtightt W, W, aupptmed tob«et 
by a rigid rod without tonight irill 
balance upon the middle point of the rod 
and leill produce there a pre*gure equal to 2'Vf, 
axiom tliere is no difficulty in admitting, because, tho 
weigiitB being equal, there is no reason why one of them 
ehoold descend rather than the other; and moreover, if 
the middle point of the rod be au])port«d, the supporting 
point sustains the two weights, and therefore the preaqiire 
upon the point must bo meaaitred by the Bom of tJu 
weights. 

Hence it follows, that a uniform rod or cylinder iril 
balance about its middle point, and will produce Umim 
pressure equal to ite weight ; tins is sometimes ezpreMM 
by saying, titat the statical effect of the rod or cylindflr H 
tlie same as it would be if collected at ita middle pcont 
The truth of this immediately follows from the axiom just 
now enunciated, because we may consider the rod as cut 
up into any number of equal weights, and as each p^ 
equidistant from tho centre may bo collected at Uie oentiir 
the whole may be so collected. 

22. Now let us take a uni- ^ R C D 
form hesTj rod AB, Uio weight T — ■ — ^— 

^t^ w».!"h is P + Q. This rod 
ice about its middle 
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Divide AE in D, so that 

AD : DB :: P : Q, 
a the weight of the portion AD ia P, and that of DB 
Bb Q. Let £ be the middle puint of AD, and F at DB; 
nben the statical effect of the rod^Z> is the same as that 
Pof a weight P suspended from E, and that of DB as that 
^ of a weight Q suspended from F. Hence tlie weights P 
and Q, suspended from E and F respectively, will balance 
about G; and we have now only to determine by geometry 
what is the relation of the two arma GE and CF. 
K We ha.YB CE = AC- AE= BO- ED =DB-GE, 
m .: DB = 2CE; 

■ similarly, AD^2GF; 

H^ but P : Q :: AD : DB, by construction, 

m .; P : Q :: CF : CM; 

f or P.GE=Q.CF. 

RFlut IB, tbe moments of P and Q about C must be equal ; 

*■ which is Uie prinoiplo of tho lever. 

The proposition thus proved for two weights is true for 

any two piuuUel forces, and wo con easily deduce the case 

in which tho forces are not parallel. This has in fact aJ- 

rcadf been done in p. 25. 

23, Assuming the principle of the lover, wo can now 

prove the paralldogram of forces. 

Let Am, An represent in magnitude a 

and direction two forces P and Q actbg 

at the point A : complete the imrallelo- 

IjTftni AmBn, and draw AB. Also draw 

BC, BD, parpendicidar to Atti, An pro- 

■ ^lued. Bow suppose AB to bo a rigid 
EamI or lever, moveubie about £, and acted 
■Ebb bjr the forces P and QaAA. Then 
m^ ?.^^ »' ""i^- 't _ sin >t^-B _ BD 

Q ~ ^71 " sm mAB ~ sin riiAB ~ ~BC ' 

or P. BO=Q.BD; 

thercforo tlie forces P and Q would keep tho lever at r^t 

And since tho resultant of P and Q would produce the 

Bsme offoct as P and Q together, it also acting at A would 

kcop tlie lever at rest. But no single force acting at A 

ii l[«ep the iQver at rest, unless it act in the directiDU 
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AB, in wbich case it will only prtiduee a presauro w. 
which wo BupiMse to be fixed; betico AB is the diredixi 
of the resultant of P and Q. 

Having thuB proved the rarallclogram of foroa M 
regarda dirxlion, it may be extended to the nuignitudl 
precisely as in Art 4, p. 51. 



EXAMINATION UPON CHAPTER VI. 

From the paraUGlograiin aE forass deduce tho pnoeiplB of 
tli8 iever, tlie forces not being parallel. 

Deduce the truth of tbe prmci[de when the foroet u 
pBfallel, 

Shew that the principle of the lever If proved for ft rigid 
rod maj bo extended to the cue of )uiy rigid body. 

Define a couple, the ui-ni of a couple, the namml ot* 

5. The effect of a conple canoot be counteracted by tba 
ction of any single force. 

6. The effect of a, oouple is not altered by tuming ita i 
■bout one extremity tlirough any aEgle in the plane of ^e fon 

The effect of two coupleB, the anna of which bar 
ion extremity, and which tend to twist in tbe Euune dii 
ia the aame, pravided the moiDDiita be equal. 

Bhew bow to Snd the renulCaut of any nvutiber of co(i| 
baving' tbe same plane. 

Any Byetem of forces, the directione of which lie in 
acting apon n rigid body, may be reduced to a aingle (una 
single couple. 

', Inveetlgate the conditions of equilibrioiD of a rigid 
body, the directions of the forces which act upon it lying tl' ^ 

11. Prove, without assuming the parallelogram of foTMl, 
r tnat two weights will balance upon a straight lever if their n ~ 

menta about the fulcrum be equal 

12. Assuming tbe principle of tbe lever, dedocB tba par 
lelogram of forces so far as the dirsdioa of the cegnUkat 
concerned. 

13. If a man who can just lift 3 cwt.. pull at a post ■■ 
li.^p. 7t^ by means of a rope twice as long as the post 

ogh, find what horizontal force must be applied at ita middl 
' it tofrevent it from falling. 
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14. In Ei. 3, p, 72,tiiefle words occur; " Thia is a oonclnsion 
wluch migiit Lavs been anticipated." Explain tliia passage. 

15. SolA the problem given in Ei. 4, p. 72, upon tho aop- 
poHition of the angle which AJI makee with ihe horizon being 
60", Hud BappoBiog also that a weight equal to half the weight 
of the beam is Buapended from J), 

16. Under the circuDistaneea auppoaod in the preceding 
eiample find the direction <)[ the pressure at A, and eonntnict 
the angle which determineB it. 

17. Throe weights are suspended from the anguW points of 
an equilateral triangle which is fixed vo a vertical plane with ooe 
of its sides making an aogle of 45° witli the hotizun ; find the 
moment o( the weights with respect to the centre of the triangle. 

18. Two Dnifonn beams of equal transverse section are fixed 
together by the extremities, bo as to make with each other ■ 
right Angle, and suspended from their point of junction; if ona 
b^m be twice as long as the other, find the position of equili- 

19. JB LB a rod capable of turning freely about its estremity 
A, which is fixed; CD is another rod equal to 2AJi, and attached 
at its middle point to the extremity £ of the former, so as to 
turn freely about this point ; a given force P acts at C in the 
direction CA ; find the fnrce which must be applied at C in order 
to prodnce equilibriom, the angle between the rods being given. 

20. If a let of forces, acting at the angular points of a plane 
polygon, be represented in magnitude and direction by the aides 



tr point of tie plane the axis pasBea. 
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CHAPTER Vn. 

ON MACHINES. 



XI- tl 



I 



NY eontrirance bj means of which force 
k- transmitted from one poiot to another, or 
meiLiia of irhich force is modi&od with res])ect to direct 
or intenait;, is culled a. ncaehine. We have already In 
simple instance of a machine in the casii of the le?er. ' 
oar of a boat, for exumple, is a machine ; here the ft 
applied at one end of the oar is converted into a (bra 
propulsion at the rowlock ; and in the same saise a pel 
a cronbar, a pair of Rcissors, the human arm, ma; aU 
uonsidered aa Machines. In this chapter we shall oooii 
some other instances, and our purpose will be in each c 
to determine the conditions under which a certain fora 
actingatonegiyenpoiut ofa machine, will be in 
with another force W, acting at anotJier given point: 
we shall uHuaUy call the power, and W the weight. Hi 
machines are chieflj of practical nao when they a» 
motion ; thus in the case of the steam-engine, the expau 
force of steam is applied to put machinery in motion; ' 
all calcnlations connected with machines in motion iMk] 
to the Bcience of Dynamics, not that of Statics, and 
shall concern ourselves here only with eiamples of mackiii 
in equilibrium. 

We shall begin by explaining two or three methods 
wbieh the property of the Lover is rendered available 
the purpose ot weighing. 

2. The Comnuin Balance. 

Let A£ be a rigid rod, CI> a amall rigid piece atti 
its middle point and perpendicular to it, and let D 
supported by a. atring or otherwise. £, P are two sot 
of equal weight suspended by strings tttsta A. K 
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Ji. Then it 18 oridont that if A and B lie equally loaded, 
the beam AB will be horizoutal ; , D _ 

if not, the more he^Tily looded 
Bcale will cause the extremity to . 
which it ia attached to prepon- 
derate. And thiis by placing any 
giTen weight, as 1 lb. for instance, 
in the scale E, and putting such a 
quantity of any given eubstanco into the scale F as Hhall 
aUow of the beam AB boing horisuntal, we can weigh out 
a pound of that substance. 

3. The preceding esplanatiou represouts the balance 
in its simplest form, and exhibits its principles: in practice 
many modifioatioas and additional contrivauee^ must be 
introduced; mucb skill has been expended upon the 
construction of balances, and great delicacy has been 
obtoiued. It would be beyond tlie aoope of this book to 
desenbe all the features in the construction of firstrate 
balances, by means of whiah a degree of accuracy has boon 
arrived at, which is tnUy wonderful; there are however 
two or three points to which it will be desirable to call at- 
tentioD. 

The beam should be suspended by means of a knife-edge, 
Uiat is, a ])rojectiug metallic edge transverse to its length, 
which rest« upon a, plate of agate or other bard substance. 
The chains which support the scales should bo suspended 
from the extremities of the beam in the same manner. 

The point of support of the beam should be at equal 
distauces from the points of snapension of the scales; and 
when tbo balance is not loaded the beam should be 
hurixontal. 

To test the accuracy of a balance, first ascertain that 
the beam ia horizontal when the balance is uot loaded; 
then place two weights in the scales such that the beam 
xliiill be borixontol; lastly, change these weights into 
uppnsite scales, if the beam still remain lioiizoutal the 
ItUiuiae is a true one. 

The chief requisite of a good balance is what is termed 
"■ngibility; that is to say, if two weights which are v 
"-':>rty eqaal be placed in the scales, the beam should v 
. iisibly from its horizontal position. In order t< 
Uim iQMlK tfffl oonditions should be satisfiedi 





so 

of support of the bBam and tho points of suspension 
scaloa should be iu the aame sb^ght tine; the conseqaeDCt 
of this will be that two equ&l weights in the bcoIm mB 
produce a. rcBultaiit through the point of support, &^ 
will therefore hare no effect wlmtever in twisting the heut, 
and the deviation from horizontnlit; will be the stuue iff 
a given differenoe of weights however great the wei^h 
themselves ma; be ; (S) the point of sapport shoold be voj 
near the centre of gravity of the beam, and a little abon 
it ; tho nearer these two points are to each other the graato 
will be the sensibility, for the weight of the beam kcttag 
at its centre of gravity must be in equilibrium with Uh>i 
small difference of the weights acting at one end of tJMj 
beam, and this difference of the weights will act at a greaM 
mechanical advantage the nearer the centre of gravida 
the beam is to the fulcrum. ■ 

If the sensibility of a balance be very great, the addltMl 
of a sm^ weight to either scale will cause the beam VT 
oscillate, and some time will elapse before it attains ill 
positJon of equilibrium; on this account tho beam b 
sometimes famished with a pointer and a graduated ant of 
a circle; if the pointer oscillates tlirough equal anx m 
opposite sides of the point which corresiHmds to horizMt- 
tality, we may be satisfied that the scales are equally loaded 
without waiting to ascertain whether tho h&nxa will ntfr 
mately rest in a horiiontal position. 

4. The common balance requires a series of weigfal* 
in order to render it practically useful, but there is another 
kind of weigliing machine in which one and the sai 
is made use of in oil cases. This is the instnuuent 
as the Roman or Common Steelyard. 

The Common Steelyard. 

Let AF be a rigid bar moveable about a liori«oi 
pivot at C; and from A let tho weight U' wluch we 



< anothflr 

itknolM 

trixonw 



rrnrii 
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■w 

to measure be suspended. jP is a given moveable w 
which can be suspended f^om any point E of the bar h 
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C^ind F; and it is evideBt, from the principle of the lever. 
ttittiie larger is Wihe fiirther uiust the iM>int of 8ii8pen- 
rim f be from C, in order that the steelyard may ho 
kcwmtaL Suppose then a certain weight susiiendetl at 
A; the point of suBpentdon of P must 1k) shifted until 
Ae steelyard is horizontal, and the bar is so graduated 
ttit by looking at the number which is nearest to E wo 
cu at once ascertain the weight of IK 
& The process of graduating the steelyard dcscr^^es 



FKop. To graduate the common Steelyard. 

Jtemove the weights P and W^ and sup]K)se that under 
these circnmstances the arm CF of tlie steelyard ])re- 
pooderates ; find, by trial, the \m\\i B, such that if P be 
nspended from B the steelyard will be horizontal ; tike 
CDtsiCB, then the moment of tlie w^eight of the steelyard 
sbout C is the same as that of P suspendeil from />. Now 
let W hang from A, and P from any point E, then for 
equilibrium we must have 

Wy^AC=Py^CD^PxCE=PxBE\ 

TV 
.\BE = ~.Aa 

Suppose that P = 1 lb. ; and make W successively = 1 lb., 
2Ib8, albs., &c., then the values of BE will ha AC, 2 AC. 
XAC.,,y and these distances must be set ofif, measuring 
from B^ and the points so determined marked 1 lb., 2 Iba.. 

6. Another form of this balance is that wliich is called 
the Danish Steelyard, in which the weight is fixed to the 
beam and the fulcrum is moveable. This is, for the greater 
number of purposes, not so convenient a construction as 
the preceding ; it is however not inconvenient for weighing 
small weights, when no great accuracy is required ; letter- 
balances are sometimes made upon this principle. 

Pbop. To graduate tJie Danish Steelyard. 
I 'I I I I I I I 1 I I II I t I I I I I I 




u 



Let B be the point on which the instrument would 
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balance, if no weiglit were suaponded at A ; and when 
weight W ia suspended at A let O be the place of 
fulcrum ; alau let P be the entire weigtit of the iiial 
which may be guppcised to l>e collected at £, or w} 
other words, will produce a downward [U'easure at B 
to P. Then for equilibrium we must have 

JV^AC=P^BG=P{AB-AC); 






.■-AC^~ 



fV+P 



AS. 



Hence, making JF=llb., 2lba., 3lba sue 

shall be able to mark upon the steeljard the c 
poititiona of the fulcrum ; and when the beam is t 
graduated we Bhall bo able to aacertain the weight of u 
given body suspended from A, bj observing the n 
graduation wliich is nearest to the lidcrnm. 

7. It will bo seen that the distances between the a 
oesaive marks of graduation on the common steel^rd M 
equal, but on the Danish unequal. In fact, the distAoM 
of the successive marks of graduation from A, the a 
tremity of the beam which aapports if, in the conuui 
steelyard form an arithmetiad progression, in the Danidl 
they form an hnrmoniad. 

8. The principle of the lever may be convtmienfly ^ 
plied for the purpose of lifting or sustaining great w^|^; 
this is done by means of a ieiiuUa»e or enpetan. 

The windlais is nsed for such purposes fts tliat o 
raising an anchor. It may be described as a atrong <; " 




^^ drical beam, moveable about a horizontal aieis. the ■ 
ta^itjes being inserted into two strong upright pieces lu «1| 
^^nUej fifiB capable of tuming frBe\j . Oivi eu& lA ^ togl 
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coiled partially rouad tbe nindla^, and to the other end 
is attacbed the anchor or the weight to bu raised; a 
number uf apertures are made in the windlass pcrpendi- 
colar to its axis, and in those ore inserted sliurt bars cttllod 
liundapikes ; by means of these it is evident that the 
windlasH may be made to revoWo, and vheu by its revo- 
lution a handspike is brought iuconTeniently low it is 
takcu out and roinsorted in a more couvenieut place. The 
windlass in the figure is represented with fixed bars, 
instead of handspikes, which in some applii^ationa of the 
machine is a more cunveuieut arrangometiL 

L^ 9. Some inconvenience arises from the necessity of 

Hbuiging tlie pisition of the handspikes ; 

WBb is avoided in the capetan, the priU' 

-Mfde of ivhich is the same as that of the 
windlass, but the axis is vertical, and a 
person may therefore by moving hia own 
position canse the capstan to revolve with- 

-^Utchangiug the point of insertion of the handspike. 

|L JO. In both tho preceding cases the mechanical advan- 

IpB gained depends of course upon the length of the 

^mdspike, vrtiich however is limited by considerations of 

^iSdica] convenience. The actual rehition between the 
poMwr and weight upon machines of this kind will Iw seen 
in tho investigation of these conditions for the machine 
known 0.8 

The WIteel and Ajrle. 
This machine consists, in its simplest form, of two cj'lin- 
dcm having their axes coind- 
dcnt i the two cylinders form- 
ing one rigid piece ; the larger 
ii called tlio wheel, the smaller 
(he axU. The cord by which 
the weight is suapondul is fast- 
vucd to tlie njtle and coiled 
rnunj it ; the [lower may be 
mjipiiscd to act in like manner 
by uieiuis of n cord coiled 
ttwA the wheel, aa in the flsrur 
^ means of a handle, i 




8i 
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11. To find the ratio qfFtoWy when there is eqwr 
lihrium upon the Wheel and Axle, 

Let AB, CD represent sections of the wheel and aile 
respcctiyely, and their common 
centre ; P and W the power and 
weight, acting by means of strings 
at the circmnference of the wheel 
and axle respectively. 

For simplicity's sake P, Wy 
and the arms at which they act^ 
are in the figure represented in 
the same plane. 

From the common centre O 
draw OA, OD to the points at which the cords supporting 
P and W touch the circumferences of the wheel and axle 
respectively ; these lines will be perpendicular to tJw 
directions in which P and W act ; hence, by the prindple 
of the lever, or in other words taking moments about 0, 

Pxu40=PFx02>, 

P _0p _ radius of axle 
W" AO ""radius of wheel* 

It is evident that the larger the radius of the whed, 
the greater will be the mechanical advantage, that is, the 
smaller vnll be the power P necessary to support or to 
raise any given weight W, 

12. The Pully. 

The Pully, in its simplest form, consists of a wheel, 
capable of tiurning about its axis, 
which may be either fixed or 
moveable. A cord passes over 
a portion of the circumference; 
if the axis of the pully be fixed, 
the only effect of the pully is to 
change the direction of the force 
exerted by the cord, and in this 
case no mechanical advantage is 
gained so far as the intensity of 
the force is concerned. Neverthe- 
less the contrivance may be very convenient ; for 
if we wish to raise a heavy weight, we can frequ) 
80 most conveniently by attaching to it a cord whii 
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o?er % fixed pvllj, as in the figure ; the effort, whicb must 
be exerted in this case to raise tlio weight, is the same 
as that which would be exerted to raise it without the 
itttenrention of the pully. 

But suppose we modify the preceding contrivance as 

foDows. 

Let ^ be a fixed pully as before, round which a cord 

passes, and let this cord, 
instead of being made 
&st to the weight IV, 
pass round a moveable 
pully B from which the 
iraigfat depends, and tlien 
be made hst to a fixed 
pomt C. In this case, 
aot only is the direction 
>f tlie force changed, so 
bhat a perton pulling 
iownwards raises the 
ireightybut also the force 
wbich he will have to 
axert will be equivalent 
to only half the weight raised ; for instance, a weight of 
L lb. suspended at the power end of the cord will raise a 
weight of 2 lbs. ; and we shall find that by various combi- 
nations of pullies still greater advantage can be gained; 
m fiEU^ by a sufficiently complicated system of pullies we 
can make a given force support any weight however large. 
We shall investigate the relation of P to ^ in the case of 
the single moveable pully, and also in the case of several 
compliotted systems ; these systems may be multiplied to 
any extent, but the method of finding the relation of P to 
FFwill apply mutaJtiB mutandis to all. 

In practice the pullies are made of wood or metal, and 
are therefore heavy bodies, whose weight ought in strict- 
ness to be taken into account ; but for simplicity's sake we 
shall neglect the weight of the pullies, as for like reasons 
we shall that of the cord which passes round them. We 
shall al8;o suppose the portions of cord to be parallel and 
verticaL' 

13. i To find the ratio qf tJie Power to the Weight in 
the 9Wi^2e moveable Pully, 
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Let be the centra of tlie pully, whicli is 

a cord passing under it and attached to a 
fixed point C at one end, and ab«tulied hj 
tlio force P at the other. Suppoae the weight 
to be suspended from the (tentro O. 

Then the pully with its depending weiglit 
IV ia supported by two Btrings AP and 
3C; the teniuoti of the former is P, Ijecftuae 
by hypothesis tlie force P acts at tiie end of 
it ; that is to say, the string AP exercises a 
Bupporting force upon tiie pnlly equal to P. 
Now the string BO which acts upou the 
other side of the pullj is similarly circnm- 
stanced to AP, and must tlierefore exert an 
equal eupporting force upon the pully. I 

Hence on the whole the pully is acted upon ^ 

by two equal forces, each equal to P, upwards, and 
weight W^ downwards, and tlierefore we must have 
2P=»^, 



vy 



IV 2" 



To find tM ratio of the Power to the Wt 

_ n of P - ■ - 

separate string. 



I »U'tem of Pidliei, in which each pvUy /uuiff* 



'eifhi, 



This system ia represented in the figure, and 
spoken of as the Pint System of j 
PuUie». 

By the property of the single pullj 
the tension of the string which sup- 
ports the lowest pully will be — . 
The tension of the string which sup- 
ports the lowest but one will be - ; 

ajd 80 on. Let there bo » pullies, n 
boiug any number ; then the tension 
of the string wliich supports the h"" 
pully will be -— ; but this must be 

egua/ to P, since the tension lA "One a\m'a(> ■wlvkU ^niporK 
the «" pully is produced bj tivo ^oviaa P - 
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ry TV P 1 

will be seen, that in this system the mechanical ad* 
ge gained increases very rapidly with the number of 
s; thus if 

w = 2, a weight of 1 lb. will support 4 lbs. 

w=3, 8 lbs. 

«=4, lelbs. 

on. 

►. To find the ratio of the Power to the Weighty in 

'em qf PullieSy in which the same string passes round 

e PuUies, 

lis system will be understood from the figure, and is 

Q as the Second System of Putties. 

lere are two blocks, the lower one moYe- 

the upper one fixed, and each containing 

nber of pullies. The same string goes 

1 all the pullies, and therefore the tension 
ghout will be the same, and equal to the 
r P. Let n be the number of strings at 
wer block, then the sum of their tensions 
e »P, and we shall have 

P 1 

nP= Wy or Tjr=-« 
' }V n 

le mechanical advantage does not, in 
ystem, increase so rapidly with the in- 
) of the number of pullies as in the pre- 

system; but on many accounts it is 
cally more convenient. 
. To find the ratio of the Power to the 
fht, in a system of Pullies, in which all 
rings are attached to the weight, 
lis system is represented in the figure, 
I known as the Third System of Pullies, 
le tension of the string which supports P p 

that of the next string is 2P, by the 
rty of the single pully ; that of the next is 2'^P ; and 
Let there be n strings, then the tension of the last 
^P\ and the sum of all the tensions is 

ri-f^-f^^+... + 2«-i)P, or C2«-1^P, 



IW 



But the mim of all the tensions muat be eqnal to IV. 
the strings support IV; 



: {2'-i)P=W,o 



Forir 



n = 2, a weight of 1 lb. will support 3 lbs. 

»i = 3, ..'. 71b8. 

n=i, Ifllbs. 

It will be seen, that the gain of inecliauical 
advantage in this sj^tem is nearly the «uae 
as in the Srst system of pidlies. 

17. The principles npon which the rela- 
tion of P to Whaa been determined in the 
preceding articles are (as has been already 
renuu'ked)applicabIetoall8yst£iuMofpa]lioa, 
however complicated. A rule may be given, 
as follows, bat its meaning will be best seen 
by applying it te esamplea. Begin at the 
Power-end of the system, then the tension ^__ 
of the string which Biq)ports P will be equal to J* Hi 
ont ; against eaeh of the parallel portions of thia 
write P ; now proceed te the next string, fiud what ita 
sion is by observing how many strings, each having 
tension P, produce it ; write the - 
cxpreasiim for its tension against 
each parallel portion of it; and so 
with the next string. Wlien the 
tension of each string of the sj'steiu 
Las been written down, it is easy to 
see how many of them snpjurt If, 
and by adding their tensions togti- 
ther we have tlie relation between 
P and IF" required. 

We will illustrate this by a 
iplicated system, repre- 
le figure. Tlie P string 
three times, and produces a 
fraeion SP in the next string; this 
BKahi occurs three times, and there- 
fore produces a tension 3'/* or dP 
m the next ; and bo im. \i 'nc ^ui.'va 
three puUios, aa in tlie Bguic, \i« 



18. 
rather c 
. aented ii 

^^K fraeion ! 
^^B Bgainoci 
^^V fore proi 
^^* 01 iJiB nc 

ir 




«■ 



it will^bo 



27P=Tr,or|,.l. 



ir 27' 

■e generally we take n piiljies, wo have 

19. The Inclined Plane. 

By au inclined plane is meant a plnne inclined to tbe 
lane of the hariison, and the angle which it makes with 
ne plane of the horizon iii called the incliiialion of the 

If a weight be placed upon a horizontal plane it will 
3Ht in the position in which we place it, because the effect 
f a body's weight is in tliis case only to make it prosa 
Sainst the plane, which returns the preaaure ; bnt if we 
lace a weight upon a smooth inclined plane, unlesa it be 
iipported, it will slide down, for, in this coae, the tendency 
luch the body has to descend is not entirely checked by 
te plane. lu practice, a body will romun at rest upon 
le surface of a plane of coniiderable inclination, but this 
rises from the fact that in practice all bodies are more or 
)as rough, and the roughness of the uictuied plane will bo 
ifficient to prevent a weight from sliding down it, if the 
idiuation be not very great ; we shall say something nioro 
pon this subject when we come to the general cousidcra- 
on cXJriclinn; at present we shall suppose that the 
Lclined plane is xx^ff^ctly smooth, that is, that it is in- 
ipable of offering any resistance to the sliding of a body 
long its surface. 

The problem in the case of the inclined plane is this, 
) det«miine what force P, actii^ in a giren direction, will 
iipport ft given weight fV, resting upon a plane of given 
lulination. It may perhaps be asked, how this problem 
roporly comes imder the head of maehinM; but it will be 
Hin by reference to our deUnition of a machine in Art I 
1), 78), that the inclined plane is rightly so regarded, for it 
uppiies us with the means of modifying the effects of a given 
iirce. Moreover, an ejiample will show that the inclined 
llano may l>o used as a, means of assisting human strength, 
ntlie Muiie manner as the lever or the puU^'. fciT\eX.\\>W 
wacBskof wine from a ccUkt, V 
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either roll thu ca^k to the eide of the cellar, nnd extract 
it by moans of a, eraiio and puUy, or we may Itiy diiwn 
Bome planks at a modorato iacUiiatioii and dmg a|i tim 
cask upon them. 

20. Before we proceed to find the relation of ^ to IT 
npon the inclined plane, wemust iuak« an iinportaut remark 
respecting the pressure exerted by a plane upon a bod< 
which rests upon IL If a particle rests upon a h\>rizonlal 
plane the forces which keep it at rest are tioo; via. the 
weight of the particle downicardf, and a certain preiauM 
caused by the plane upwards, and these must be eqna^ 
otherwise the particle could not be at rest; faenoe in ood' 
sidering the equilibrium of such a particle we m^ disnuM 
all thought of the plane, and say that the particle is kept rI 
rest by its own weight W acting Tcrtically down vardi, lad 
a pressure W acting vertically upwards. Now let us 
eider what will bo the mechanical effect of a aniooth [d 
which is not horizontal, upon a particle made to 
upon it. Its effect will be to produce a pressure upon 
particle; and there will be two questions, what will be 
direction of this pressure, and what will be its mag;nitade 

(1) For tlie direction, we can at once conclude 
the pressure must be perpendicular to the plane ; ' 
the plane is by hypothesis tmool/t, and by the term 
we mean that it is iucapablo of offering any 
tiie motion of a particle along its 
surface. To make tbis more clear, 
suppose the pressure oxcrtod by Uio 
plane to be in any direction what- 
ever: then since a force may always 

be reiotoeil into two at right angles to each other, let tli 
pressure be resolved into two, one perpendicular to t' 
plane, which call R, and one parallel to tlie pkuie, wU 
call Bf : now the force ff will nianifesUy tend to make ti 
particle move along the surface of the plane ; but tl ' 
contrary to the deSnition of a smooth plane, th«r_.. 
If-0; and hence the only force exerted by the pUns 
a force H in the directiim perpendicular to it. But 

(2) What will be the magnitude of R] This we h,. 
not sufficient data to determine; it will vary in diSerc 
caaes, and we cannot detenuiiiciVa-nttl'sis have all the « 

given. 
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Hence, in any given problem, we may consider the 
ffect of a smooth plane to be this, to prodtice a force or 
pressure upon a particle in contac' with it, in the direction 
terpendicular to it, but of unknown magnitude, and 
f>hich we must therefore denote by a symbol for an 
vriknovm quantity, such cu B. 

This being premised, we proceed 

21. To find the ratio of the Power to the Weight, 
9hen there is equilibrium on the Inclined Plane, 

Let a be the inclination of the inclined plane to the 
lorizon ; B the pressure of the plane 
>n the weight JV, which pressure will 
»e perpendicular to the plane ; and, 
o take the most general case, let the 
lirection of the power P make an 
.ngle € with the plane. 

Then resolving the forces parallel and perpendicular to 
he plane, we have 

P cose — ^sino = (1), 

H+P sin e— ^cos a=0 (2). 

TT P sina ^ 
Hence, =.= , from (1). 

W^ cose' ^ ' 

Equation (2) gives us the pressure upon the plane; 
Jius 

P= J^cosa— Psine, 

= J^cos a- W-^ . sin e, 

cose ' 

W 

(cos a COS e — sin a sin e), 




cose 

_ Txr COS (ot + e ) 
~" COS e 

There are two particular cases, which are worthy of 
notice. 

(1) Suppose the power acts parallel to the plane, then 
^ equations become 

P- JFsina=0, 
iR-^cosa=0; 

. P . .R 

. . -|Tr=8m o, and -ixr= cos a. 

If we r^ard the incime^ plane as tYie \iy^VJt\coNv&^ ^\ 
I tfgbt-ODgled triangle, having its two eideft Tew^etiCw^-^ 



] hj^theniBla 
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horizoiitil ftnii Tortical, and if we take tho 

to represent the mngnitude of W,then these reaulta 

that the vertical Bide represents P, and the huriionbl 

Bide represents H. This tnitli is exhibited to the eye, witta; 

much Bimplicity and beauty, by the apparatt - - - 

Willis, referred to in the note on pikge 11. 

It will easily appear that if we have a double inc 
plane, that is, such a plane as would be represented 1 
obtuse-augled triaugle baTing ita base horizontal, and 
place upon the two sides two weights connected by a 
passing over the vertex, then in order that there nu 
eqoilibriam the weights must be proportional to 
lengths of the sides upon which they respectively 
This property of the inclined plane was domonBtnrfed 
Stevinus of Bruges, who died in lfi33, and was e 
him tlie foundation of tlie theory of forues. The 
BtTEtion will be given at the end of this chapter. 

(2) Suppose the power acta horiaontally j then 
equations will be, 

'Peoso- frsino = 0, 

R-Peina- Wcosu^O; 



= tana, 




IV 



It may be remarked that these results may be 
from those of the general case by making 
e = and f- — a. 

22. For the sake of illustration we will solve the 
blem of the inclined plane in another way. 

Let a, (, R represent the same quantities aa 
Let A bo the point of the plane at 
which the weight rests ; draw A C 
vertical, and from 6' draw CB in 
a direction perpendicular to the 
inclined plane, to meet the line of 
P'n 8ctii)n in B. Thun the sides 
of the triangle ABC, being paral- 
hi to the directimia of the fotcoa P, E, W, may be] 
to represent these forcea(,irt. 6, p. Q^l- ^«noi ^ 




KBut 



W 



R 



k ^cse are the «ame results as tboso already obtaincil. 
23. The lost machine which we shall consider is the 

Screw. This machine in conibinatiim with the lever is of 

great practical utility, ne, for instance, in the case of a book- 

tnndor's press, in wliich a considerable pressure is required, 

and may be by this meiiiia produced 

with great facility; and thore are 

niunborless other examples. 

The Screw may be described as 

an inclined plane wrapped round a 

cylinder, or as a cylinder having on 

ltd surface a projecting thread in all 

parts at the same given angle to the 

horiion; take any solid body of a 

cylindrical form, as, for instance, a 

ruler, a pencil ; take a piece of paper ABC in 

a right-angled triangle, having p^g, j_ 

the right angle at C; place BG " 

upon the cylinder, bo aa to be 

parallel to ite axis, and wrap 

(he paper closely upon the cylin- 
der, then the hypiithenuse AB 

will mark out the thread of 

a screw. The form of the thread 

\i different in difiereut vases ; 

it may be aucb as in fig. 1., or 

snch as in fig. II. ; bnt this is a matter into which wo sbnil 

not enter, and wo siinJl consider the thrend only as tlio 

nirface of an inclined plane wrapped round a cylinder as 

before described 

The screw is applied as follows: the cylinder bearing 
the thread fits into a block pierced nith an equal eyiindri- 
nl aperture, upon the imier surface of which is cut a 
kivKiTe. the exact counterpart of the thread of the screw ; 
li«tiwt the screw can only bo mnde to movo in the block 

; Ig JOTtdvay atwut ita axis. Suppose the e-vw q1 Sto 
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screw to be verticiil, and a weight W to bo placed 
it, then the screw would descend, uulesa prevented 
doing so by onotlmr foru); this force vrn will supiK 
be supplied b; the power P acting in n hurizontul < 
tion, at the eEtreuiity of an ann of given lengtl 
practice there must neeesaarily be conBidemble f 
between tlie tJiread and the groove, but this we b~ 
.consider, because it would complicate the problem. 

at Prop, To jind the ratio of the Pover A 
Weight in the Screw. 

Let the power P act at an ann it, and let r 
radius of the cylinder, a. the iu- 
oliuation of the thread to the hori- 

Conaider the equilibrium of any 
point A ai the thread; suppose 
the portion of tiie thread on each 
side of ^ to be unwrapped, so as 
to aesunio the position of a straight 
line EC, inclined at an angle a to 
the horizon ; then we may consider 
tJte point A as supported upon a 
plane of inclination a, and acted 
upon by the pressure of the ]>lane, 
which call R^, a certain horizontal force earned 
which call P^ and a portion of the weight W, lAA 
ff',; hence we shall have by resolving the forces 
directiou BC, 

»^, sin a = 2*, cos a. 
In hke manner, if wo considered the equilibrium 
other point of the thread, wo should have 

W,8iua=P,C08a; 
and so on. 

Hence, taking account of all the jNiintS of the til 
and adding all the equations together, we shall hara 

(»',+ fF,+ »■; + .. .)ama=(P. + -P, + P, + ...)« 
But fP',+ W,+ Jrj + ...=the whole woightsupportei 
A!BO,i'i + P, + P,+---=the whole horizont^ fbid 
posed to act at tlie circumference of Uie cylindw, 1 
at ail ann /'. But the hurizontol pressure is camr 
iwtiog at an arm a \ lionce, bj tW 'e'(ii\d^\a (^ tha k 




p 



+ P,-i-r,...)r=ra; 



) convenient form 



JBf put this result t 

f _ 2r ton a 
t 2jro ' 

I " the vertical distanee hettveen t wo tlircada ^^ 
I carcumference of tirelo deacribod by P 
KBinTeatigation ma; be presented under a rather 
ipna M foUowH : 

ra^t W ma; he conceived as a body acted upon 
mree forces, ite own weight IK vertically duwii- 
I force in b, direction perpendicular to thti 
the screw, which will be the resultant of the 

Ml result ttut tli« power of (he kkw dciwads arUria 

, eaesH onta thrtul; but If the thrmul be niruld t«u fine 

a at ftnetiire. Tbia dlfflcullj is oi 




.- - dis- c 

Ih« ttmMi, «> in .' 

lluB wrSa depend | t— 

5il or tb<« dls- ^ ^ 

f too mmvonaut '■ — 



■Hdlua the e(. .. 
Otta two urene 



^Oect uf one line screw. Tlie unie rriodpte dm^ 
the Hupe cftlnder, &nd jiiHlDg ttxH 
atuble of nppiotcUug aiii. cA^m, 




prcBsures at tlio different piintB of the thread, and )u%, 
& horizontiil force wliich we will call Q. 

Now draw AI> vertical, AB in & 
direction perpendicular to the thread of 
screw, and DE horizontal ; then the 
sides of the triangle ADE, heing parallel 
) the three forces just now described, 
may be taken to represent them ; 
<? DE ^ 
.'. — . = -,-r. — tan o. 
K^ AH 

Bat Q ia a force which at an ami r 
with P at an arm a, 



.-. Qx 



r Q=P^ 



,-f^=-tana, 



which is the result preriouHl; obtained. 

26. la this chapter on Madiines I have omitted i 
consideratJOD of tootlied wheeh ; 1 have doue bo beci 
the; involve no distinct mechanical principle, and, aa b 
chiefly useful for the transnuBsion and modificatioii 
motion in machinery, belong rather to the aubject 
MechanigTa than to that o! Mechanics. 

In order to understand the construction of tooti 
wheels let 5^ C^'^C 
be two wheels, lying ii 



e plane, tuniing 
about centres 0, Cf, 
and being in contact at 
And suppose tliat 
the friction between the 
Burfacea of these two 
wheels ia so great that they cannot slide one wpon 
other; then if we turn the wheel BAG in the ^rectic 
' marked upon it, it is evident that tii6 H 
SAC muat also tarn, bat ia the opposite directJon, 
'a the direction indicated in the figure by the Si 
upon HAC, Thus the motion of BAG produces nK 
'n BA(j\s.'aA.SAG'vis:jm like manner l)e made tod 
another wheel, and so on. MoreoTer, it ia easy to gee 
'if theniBgnitude of i!vlCA»^'(CTi,ravAtt«wheelboii 





I to tarn at a ^vod rate, the wbeel ffAC will turn mure 
^owly or more rapidly than BAO ia exact proportion as its 
"" Ircuniference (or its diatuet«r) is greater or less than that 
1.BAG. For instance, aappose the diameter of BAG 
Ebe two feet, and that of B'AC ta be one foot; then if 
AC be made to tiim 30 times in n minute, B'AC will 
Q 60 times, and so on. Uenco wheels connected oa liere 
cribed ma; be made both to transmit and also to modify 

I Bat praetieally it is not possible to eoustruet tvhcok, 
a surfaces of which 
1 drive accurately 
means of friction 
; hence the device 
f 'teeth, that is of al- 
mte projections and 
■lows npon the sur- 
i of tlie whock. 
> figure will shew 
■nee, after what haa been Hoid, the action of the teeth. 
■ ally speaking a train of wheel-work ia only a 
II of levers; and if the numbtir and magnitude 
e wheels be given, there is no difficulty whatever in 
» the power P, which, acting at the circum- 
me extreme wheel of the train, ?rill be in equi- 
a with the weight W acting upon the other extreme 

In addition to tlie simple machines considered in 
t chapter there are many others, contrived fur a variety 

■ imrpuBeH, as weighing, raising weights, &c We will 
pstrttte the statical principles already explained by apply- 

■ them to a weighing machine of somewhat complicated 

Ia platform AB, upon which the body which we wiah to 
% in placed, is supported at one end by the piece BO 
b ii connected (as shewn in the figure) with D, so that 
■(72) is one rigid piece. ^£ rests at £ upon alever /'(?, 
BMning which more presently,) and at tlie other oxtrein- 
t It U supported by means of a rod HK connected with 
«D. The lever /"ff, which lias /"for its fulcrun 
rted by a rodGL; and bot\i HK, wA GL, 
' i by a, lever LKMN, wl»(A\ ^aN\ns M iistJ 



I 



[l ni^^mjM 



its fulcram, carries at iL^ other extremity a scale in wU 



placed the weight I' nltich is to bo in equilibrit 




).( I I [III, iiiatlniie in qua 

liii i[ ( ill sti(i(-vl form 

The tgure btlon rtprLStnta the statical problen 
letters in it correspoiid to tlinso in the prec 
tion and it will be seen that tlie raacliine conaiste « 
of three portmna the plitform ABCD, the lever J 
the lever LKMN; tho two rods GL, DIT onlj s 
connect theRO parts. Let its consider the forces to \ 
Ihej are Beverftlly subject. 



4 



II) The platform ABCD is act«<i upon by the 
ward pressure of tlie weight W, and by two 
preaaures at iho two points of support, which (as we i 
know their yaluea) we will denote by R aud P'reapec 

(■2) The lover FG ia acted upon by a downwani 
at E, which must bo equal and opposite to A, 
upward Force at G, which wo will denote by P", 10 
of course, besides thoBe two forcea,tU(! pre 
fulcram, which it will not bo iiece**a.r3 W 



Tlie lever ZA'Jf^ ia acted upon at one extromitj 
e force P, and on the other side of the fulunim there 
fe two pressures itt the poiut of support of the rods DK, 
GL, which muBt be equal to P' and P" reapeetively. 

We can now write down the equations of oquilibriimi 
fur the maclune. 
k For the platform ABCD we must have, for tlie equili- 
D of the verticBl forces, 

•■- - ~ ..(.), 

Wot the lever FG^ taking momenfei about the fulcrum F, 

M.FE^P'.FG O). 

fe the lever LKMN, taking momenta ahout the fiil- 
1, 

P.MN^P.MK^P'.ML (y). 

[f between (a) and {&) wb eliminate the unknown quan- 

W.FE^P'.FE+P".FG (6). 

e have now red\icod the problem to the two equations 
iy) and (8), which IdvoIto two unknown forces P" and P' ; 
and a little cunaideration will convince ns that we liavu not 
omitted an; equation eMential to the solution of the problem. 
Hi'nce in its present form the problem is indct(^rminato; 
I'lit there is a pecuharit; in tlie construction, which has been 
iijLiitted hitherto, and in virtue of which the indetcrminate- 
is of theproblem disappears. The machine is so arranged 
A tho following projiortion holds amongst the lengths of 
iR of the lovers, 

;: MK : ML. 
B we introduce this condition into equaticras (y) and (B), 

P, MN_ ML „ , FG_ . 

MK ^+^ MK~ FE~ ' 

_ MK 
~ MN- 
b is the required rehiiion between P and W. We 
I the advantage of the machine : suppose, for 
i, that MN^ 10 X MK, then ^ =— , or a weight 

nit into the P scale will serve to Titji^ \>ift"te%. 
the platform. Machines upon ttm ^ai nnSiaS 
1—1 
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conBtructioBB are frequent B^t railway statiwis, M 
conTenient for weiglung heavy goodB. | 

It iritl be seen from tlie iuvoattgation, that it !e 
feroat at what point or points of the platform the pn 
stakes place. 

28. Another machine worthy of notice is the btdai 
esteoBively itsed iu retail trades, and which is knoi 
SobervaFt btUariM. The construction of this Lalanoe,Ti 
itmorely in its mechaniealpriueiplo;^, may be described 

ABGis a firm vertical stand resting upon a fixed 
zontal haae ; DE, 
FG are two cqnal 
bare wurkii^ about 
pivots similarly situ- 
ated with respect to 
their lengths, at L 
saAM;nFH^&K 
are two T-shaped 
pieces connected 
with the bars DE, 
FG, as in the figure, 
by pivots; the con- 
sequence of which is, that if the system be made to aJ 
different poaitions, DF, EG will always be verticaL • 
suppose two weights P and W suspended ft^tn JT ij 
respectively ; tlicn in order to investigate the rdatioi 
to W we might cojiaider, aa in the ease of the we 
machine last described, the equilibrium of the h 
members of the balance successively ; bnt, witliiiut dc 
the result may perhaps be rendered iutoUigible by ( 
reasoning. Consider the weight W; it is supported 
piece DFH, which again is supported at D imd Fi n 
effect of this must be to produce two vertical praiM 
D and F which shall together be equal to fK ; it do 
dpiify to onr purpose how much one point b^tn Ui 
niach the other, nor what horizontal pressure there i 
at either, (since whatever horizontal pressure there n 
le of them, there ronat he an equal and oppodtf 
' Eontal pressure at the other,) the pressure rauft li 
whole be (K, or we may sny that tlioro is a pressure 
the direction of the rod U F ■, *o *X\eA, w T%.v es tiie 
brima of the bar DE ia coiicctiiuA, 




suspended from D ; and in like manner we may regard P 
as Huapended from E, Consequeutly the condition of equi- 
librium will be 

P DL 
tV~EL' 

Or if the amis DL, EL bo equal, then we must have 
P=W. It iH to be noticed that the ratiu of P to IF is 
quite independent of the ilistance of either from the central 
asis of support ; a circumstance which gives 
great practical advantages. 
;^ 29. We will conclude this chapter by giving the proof 
of the property of the iuulinod plane by Stwinua, to which 
reference was made in p. 92. The proof ahall be given pre- 
cisely as he gives it himself in his treatise on Statics. In 
the first book of this treatise ho considers the theory of 
direct and oblique weights ; the fjiiidameiitaj proposition of 
the theory of the former is the doctrine of the lever, demon- 
Btrated after the manner of Archimedes*' ; having solved a 
variety of problems involving the principle of the lever, he 
B^s, " Hitherto have been declared the propertiea of direct 
vdg^ts ; here follow the propertiea and qualities of oblique^ 
I the general foundation of which is contained in the follow- 
I ing theQrem," 

Tbeobem. if a triangle have iU plaTie perpendiewlar, 
nd itt bam parallel, to the horizon ; and upon the two 
\ iidtt he placed two equal upherieal weightg ; as the right 
I tjda^thetriaTigleielothel^soieiUbethepowerqfihe 
L 1^ hand weight to lliat of the right. 

Lat ABC be a triangle having its plane perpendicular 

bottle horizon, and its base AC parallel to the same: and 

B the side AB (which is double of BC), let there ba 

1 a globe D, and upon BC another, if, equal to the 

r in weight and magnitude. 

It is required to prove, that as AB : BG, i. e. as 2 -. I, 

n ii tibe power of the weight E to that of B. 

Iiet there be arrauged round the triangle 14 globes, 
' 'n weight and magnitude, and equidistant, strung upon 
poBsing through their centres, in such a manner that 
7 may be able to turn about the said centres, and that 
~ismay be two globes upon the side BC, and fuur upon 

■ Tlut iii u la IHwa M at tUx TnMbk. 
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tho side AB ; then as one line is to the other, so is the 
number of globes to the number of globes. Also at Sy Ty V 
let there be three fixed points^ upon which the line or thread 




may bo able to run, and let the two portions above the 
triangle be parallel to the sides AB^ BC\ so that the 
whole may be able to turn freely and without catching upon 
the said sides AB^ BC, 

DEMONSTRATION. 

If the power of the weights 2>, R, Q, P, be not equal to 
that of the two globes E, F, the one side will be more 
powerful than the otlier ; let (if possible) the four D,R,QjR 
be more powerful than the two E, F; but the four 0, N, 
My L are equal in effect to the four Gy HyIyK\ wherefore 
the eight globes 2>, Ry Q, P, O, iV, Jf, Z, will be more 
powerful than the six, Ey F, G, Hy 7, K\ and since the 
stronger power must prevail over the weaker, the eight 
globes will descend, and the six will rise. Let this be so, 
and let D arrive at the place which is at present occupied 
by Oy and so of the rest ; thus Ey P, Gy H will assume the 
places occupied by P, Q, R, £>y and /, K" those occupied by 
E, F; notwithstanding the change therefore, the globes will 
have the same disposition as before, and for the same reason 
the eight globes will descend in virtue of their superior 
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gravity, and in descending will cause eight others to take 
tiieir jdaces, and so the motion will be perpetual ; which is 
absurd. And the like demonstration will hold for the other 
side: the set of globes 2>, R, Q, P, O, iV, M, L will there- 
fore be in equilibrium with E^ F^ G, H^ /, K, Now take 
away from the two sides those weights which are equal and 
similarly situated, as are the four globes 0, N, M^ L on the 
one side, and the four G, H, /, K on the other ; the remain- 
iog four 2>, B, Q, P will be, and will continue to be, in 
equilibrium with the two E, F: wherefore E will have a 
power twice as great as that of Z> ; as therefore the side 
AB to the side BC, or as 2 : 1, so is the power of E to the 
power of D, Therefore, If a triangle, &c Q. e. d. 

Such is Stevinus's demonstration ; from it he deduces 
the doctrine of the inclined plane in its most general form, 
that is in fact the laws of oblique forces. We shall not 
follow him any further; but the fundamental proposition 
just given is interesting from its ingenuity, and because it 
was the first independent proof of the laws of oblique 
forces. 



EXAMTNATION UPON CHAPTER VII. 

1. The arms of a false balance are respectively 1 foot, and 
1*05 in length ; what will be the apparent value of 100 lbs. of tea, 
weighed out with such a balance (the tea being suspended from 
the longer ann), '^ the shop-keeper undertake to sell his tea at 4s. 
per pound? if ^/ 

2. If when a balance is suspended the beam be not horizontal, 
iffove that if the want of horizontality arise from an inequality 
in thawdght of the scale pans, the bafance may be corrected by ^ 
putti^1™8ight into the lighter of the two, but that if it arise T 
£rom a difference of length of the arms the balance cannot be so 
corrected. 

3. Shew how to graduate the common steelyard. 

4. Shew how to graduate the Danish steelyard, in which the 
fulcrum la moveable. 

5. Und the relation of P to TT in the single moveable pully. 

6. In the first system of pullies. 

7. In the second. 

8. In the third. 

9. find the relation of P to W on the inclined plane. 
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10. In the Bcrew. ' 

11. What force is necenftry to support a weight of SOlbfl. 
upon a plane inclined at an anjje of 80® to the horizoni the force 
acting horizontally? J^ 7 jT' « ^ '.''. 

12. What force is necessary in the preceding prohlem, if tlie 
force act vertically? .fC f'^J 

13. When a given weight is sustained upon a given incUned 
plane by a force in a given direction, find the pressure upon the 
plane. 

14. Given the weight, and the magnitude and direction of 
the sustaining force, find the inclination of the plane, ^»»!./t -B^tti^ 

A 15. On an inclined plane the pressure, force, and wd^t^ 
' are as the numbers 4, 5, 7 ; find the inclination of the pluie to 
■ the horizon, and the direction of the force. c^'£^ = f- ^f^-LA-MtlA 

16. What weight is that, which it would reqmre the nine 
exertion to lift as to sustain a weight of 4 lbs. upon a plane in* 
clined at an angle of 30® to the horizon? i. ('^ 

17. A weight W is sustained upon an inclined plane by a 
force P, acting by means of a wheel and axle, placed at the top, 
in such manner that the string attached to the w^ht is paraltel 
to the plane. Given R and r the radii of the wheel and axfe| 
find the inclination of the plane. eX>v ct - ^ 

18. Two weights sustain each other upon two opposite 
inclined planes, by means of a string Which is parallel to tilt 
planes ; compare the pressures on the planes. "-; . . ;, ^ '^t4«&' 

19. What force, must be exerted to sustain a ton weight on 
a screw, the thread of which makes 100 turns in the oouiae of 12 
inches, and which is acted upon by an arm 4 feet long? cR/X^o, 

20. Find the inclination to the horizon of the thread of a 
screw, which with a force of 5 lbs. acting at an arm of 2 feet^ 
can support a weight of 300 lbs. on a cylinder of 2 inches radios. 

I^ the length of the cylinder be 4 feet, find the entire laogth 
of the thread of the screw. 
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APPENDIX TO CHAPTER VIL 

Olf TH8 PBIHaPLB OF TISTiriL VBLOCITIBa. 



rHE cooditionB of equilibrium of a Hyatero of psrtiolea, 
or a ByBtem of bodies, under tlie action of any forceti, 
mxj be expreised in a very remarkable manner by meann ol 
Ik principle known as tbat of Virliiat Vdodtiei. This principle 
ve shall here ennociatB, and apply it to several casea of ec|ni< 
libriam; it is introduced here, because ita chief intereat 
reader of such 
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I of the I 



uilihriu 



of tl 



2. Dep. If we auppoae a point at which any force acta to 
be very slightly dLspIacsd , and from the new poailion of the point 
a perpendicular to he dropped upon the diraction of the force, 
then the line intercepted between the foot of tbia perpendicidar 
and the ori^oal poaition n! the point is called the Virtual Vclocili/ 
of the point of application cf the force, or aometimes more briefly 
the virtual velocity of the force. 
Thus let be the point at 
which the force P acta, and ,,^^ 

■uppoeeitto be slightly displaced ^'"^ I ^- 

■0 u to be brought into the ON P 

poaiUon 0'; from 0' draw the perpendicular O'JV on OF, then ON 
is the Virtual Velocity of P. 

If the diiplacement of is auch that JV falls between and 
" >t ie, if the virtual velodty ia in the direction of the force, 
linokoned podtave ; if in the opposiu diret-tion, or N on the 
ride of 0, it is reckoned ne^^ative. 
It will appear from what has been said that the virtual 
laldsrable extent an arbitrary quantity ; 
k is the fact, but it will be observed that when we have 
1 acting at difierent points of a rigid body, the 
of one point will in general determine the dii- 
Mta of {be otlera. 



\gonliiear 



ir eiample, 
I of a lever, tbeii i£ w 



uppoae we h 
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of the lever through a small space, the other extremity is neow- 
sarily depressed through a space, the magnitude of which can be 
assigned. 

4. If the displacement is made in the direction of the force, 
the whole displacement becomes, according to our definition, the 
virtual velocity, and if in a direction perpendicular to that of the 
force, the virtual velocity is zero. And in general we may r^urd 
the virtual velocity as the space through which the point of 
application is moved in the direction of ike force. It will be seen 
also, since an arc and its sine are ultimately equal to each 
uther, that when a force is actiug perpendicularly to an arm of 
a lever, and the arm is made to turn through a very small angle, 
the small arc of a circle described by the point of application 
may be taken as the virtual velocity of the force. 

5. Hence we shall see something of the meaning of the term 
Virtual Velocity; for suppose we have any number of forces actiDg 
at different points, and that in consequence of an arbitrary motion 
of one of the points in the direction of the corresponding force 
through a very small space a, the other points of the system move 
in the directions of their respective forces through the spaces p, y, 
&c. ; then since these points move contemporaneously through the 
spaces a, p, y..., these spaces measure the rate at which they 
respectively move; for exanjple, suppose j9=2a, 7= 3a, &c., then 
the points must have moved at rates, or with velocities, which 
are in the ratio of 1, 2, 3, &c. ; but these velocities are not real, 
since the parts of the system do not move in consequence of the 
forces which act upon them; if they did move, the question 
would be Dynamical, not Statical; hence the small spaces of 
which we have been speaking are called Virtual Velocities. And 
the student cannot too carefully bear in mind, that the motion 
which would seem to be implied by the term velocity is altogether 
of a geometrical character, that is, it is not due to the forces of 
the system, but is only a displacement supposed to be arbitrarily 
produced, without any reference to the nature of the forces 
necessary to produce it. 

6. Having explained what is meant by virtual velocity, we 
shall be able to prove several propositions, wliich form particular 
cases of a very general principle known as that of Virtual 
Velocities, the proof of which we cannot give here, but of whidi 
it may be well to give the enunciation. 

When a system of bodies is in equilibrium under the action of 
any forces, then if the system be very slightly displaced, the ««» of .* 
the products of the forces and their respective virtual velocities wU 
he egual to zero. 
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All that we shaU do will be to prove this principle in tboee 
cases of equilibriam, which have been already considered, assum- 
ing the results which have been obtained. 

7. To pnyoe the principle of virtual velocities in the case of a 
single particle^ acted upon by any system of forces in the same plane. 

Let be the particle, P 
any one of the forces, which 
makes an angle with a line 
OX drawn through 0. Let 
the particle be displaced to 0*, 
and from (/ draw O'iV per- 
pendicular to OP, and let ON 
=p; also draw O'm perpen- 
dicular to OX, and let Om=x, 
0'm=y ; then it is easy to see, 
by drawing mn perpendicular 
to OP, and OV perpendicular 
to mn, that 

p = On+ 0'r=xcoB d + yam 0. 
Similarly, if p\ p'' . . . be the virtual velocities of forces P', 
P"... acting at angles 0', 0".., with the line OX, we shall have 

p' = 05 cos ^ + y sin ^', 
p"-xcoa0"-\-ysm0", 
&c ^ &c 
.-. Pp + Py+P'y'+ ... = x(P cos ^-hP'cos ^+P"cos 0"+...) 

-*-y(Psin^ + P'8in ^+P"8in^'+...)=0, 
by the general conditions of equilibrium established in Art. 10, 
page 56 ; vidiich proves the principle of virtual velocities in thiscat^e. 
8. To prove the principle of virtual velocities in the case of the 
Lever, . 





(1) Suppose the lever to be a straight lever A B, having arms 
40s=tf, BO=b, and to be acted upon by forces P and Q perpen- 
^ealar to the arms. 
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Let the lever be turned through » small angle about its fol* 
cnim, 80 that the points A, B, a,re brought into the positioDS i', 
B', respectively; from A\ B', drawii'm, J^nperp^diculartothe 
directions of the forces, and A^m\ ffn\ perpendiculars upon the 
lever. Then Ain^ Bn, or AW, BW are ike virtual vdodtieB 
of P and Q, 

Now we have seen, Art. 2, page 62, that 

P,a=Q.h; 
but by similar triangles A'Om\ B'On', 

A'm' _B'n\ 
a ~ h ' 
,\P ,A'm:=^Q,B'n'. 
Hence, not having regard to sign, we may say that 

P X P's virtual velocity = Q x Q's virtual velocity. 
Or if we denote A'm' hy p, and B'nf by -g (see Art. 2), we 
shall have 

P.p + Q.q=0, 

which coincides with the general enunciation of the principle of 
virtual velocities given in Art. 6. 

(2) Suppose the forces P and Q to act at any angles a and 
P with the lever AOB. 




Let the lever be turned through a small angle as before, and 
call the angle 0. From A\ B' the new positions of A and B draw 
A'vf^B'n perpendicular to the directions of the forces; then if ^ 
be indefinitely small, Am, Bn will be the virtual velocities of P 
and Q. 3omAA\BB^. 

Then Am=AA' cosA'Am 



= 2a8m-cos 
A 



i since A 



(.-900 + 0. 
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=2a8m2 sin (a + oj •* 



xly it will be found that 5n = 26 sin - sin ( j8 - J , 

a sin (a + o) 



Am 

b sin ^^-g) 

r we make indefinitely small, we shall have sin ( a + - ] 

nitely nearly equal to sin a, and sin f j8 - ^ j to sin /3, 

, ^, - P's virtual velocity a sin a 

and therefore 7^^ ^ = , . , . 

Qs sinjo 

ut we know, from Art. 2, page 62, that 

i^ _ 6 sin j8 

Q ~ a sin a ' 
.\ P X P's virtual velocity = Q x Q's virtual velocity, 
ving regard to the signs of the virtual velocities, and calling 
p and - q, 

'ore. 

lis last demonstration is applicable to the case of any rigid 
acted upon by two forces in the same plane, and having one 
fixed ; for through the fixed point we may draw a straight 
ntersecting the directions of the forces, and the points of 
lection we may regard as the points of application of the 
I. Hence in this general case the principle of virtual velod- 
• true. 

The Wheel and Axle. 
lie condition of equilibrium being precisely the same as for 
traight lever acted upon by two forces perpendicular to its 
the demonstration will be the same as in that case. 
). The Pully. 

I applying the principle of virtual velocities to pullies, we 
)8e the weight W to be raised through a small space, which 
space will be its virtual velocity, and the corresponding 
through which the point of application ofP must be moved 
ler to keep the string stretched will be the virtual velocity 

) The single moveable Pully, 

: in the figure, page SQ, Art. 13, we wxp^o^ "W T««ft^ 

^b a small space a, the string on eit\iQT «ide oi >i2ipA \Kk^ 
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will be shortened by the same quantity ; consequently the point 
of application of P must be raised through 2a, which will be Fi 
virtual velocity. 

But 2P=W; 

,\ Px2a=Trxo, 
or P X P's virtual velocity = W x Wb virtual velocity. 

(2) The first ay stem of Pulliea. 

In the figure of page 86, Art. 14, let W be raised through ft 
small space a, then the lowest pulley rises through a space a, the 
second (reckoning from the lowest) through a space 2a, the third 
through 2 X 2a or 2'a, and so on; hence the n*^ pully will rise 
through a space 2'*~^a, and the space through which P will descend 
will be 2**a. 

But Px2'»=W; 

.\Px 2'»a=Trxa, 
or P X P's virtual velocity = W x TT's virtual velocity. 

(3) The second system of PuUies. 

In the figure of page 87, Art. 15, let W be raised through a 
small space a ; then if there be n strings between the two blocks, 
each of these will be shortened by a quantity a, consequently P 
will descend through a space na. 

But Pxn=W; 

.*. P X na= W xa, 
or Px P's virtual velocity = W x W^s virtual velocity. 

(4) The third system of Pullies, 

In the figure of page 88, Art. 16, let W be raised through a 
small space a ; then the second pully (reckoning from the highest) 
will descend through a space a, and therefore the third pully will 
descend through 2a ; but in consequence of the rising of W, tbe 
third pully would have descended through a, even if the secoDd 
had been fixed, therefore on the whole it descends through 2a + a. 
In like manner the fourth descends through 2(2a + a) + a, or 
(23+24-l)a; and the n"" through (2»--a + 2'»-«+ ... +l)a, and P 
through 

(2«-i + 2«-2 + . . . + 1 )a, or through (2'» - 1 )a. 

But Px(2'»-1)=T7; 

.-. Px (2'»-l)a=17xa, 
or P X P's virtual velocity = W x Wq virtual velocity. 

11. The Inclined Plane. 

Let A he a, particle, of weight TT, which is kept at rest on an 
Inclined plane by a force P, tbe direc\ion. ol ^\iv3tk. TCkak»& *fl 
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angle e with the plane ; R the 
pressure of the plane on ^ ; a 
the angle of the plane. 

Suppose ^ to he moved along 
the plane to the point a ; from a 
draw ahf etc perpendicular lo the 
directions of P and W respec- 
tively ; then Ab, Ac are the 
virtual velocities of P and W ; 
R will have no virtual velocity, Art. 4. 
Now Ab=Aa . cos e, 

and Ac=Aa . sin a ; 
but P cos €= IT sin a ; 
.\ PxAa cos €=:WxAa ain a, 
or PxAb=Wx Ac, 
or P X P*8 virtual velocity = W x TF's virtual velocity. 

12. TheSa-ew, 

It is evident that if the arm upon which the force P acts (see 
fig. page 94) be made to describe a complete revolution, the 
weight W will be raised or depressed through a space equal to the 
vertical distance between two threads of the screw ; and the same 
proportion will be observed whatever be the actual magnitudes of 
the motions of P and W; consequently supposing these motions 
to be indefinitely small, we have (Art. 4) 
P*8 virtual velocity __ circumference of circle described by P ^ 

W*s vertical distance between two threads ' 

, P _ vertical distance between two threads 
W circumference of circle descnbed by P * 
.'. P X P*8 virtual velocity = W x Wb virtual velocity. 
The student, after reading this article, will understand more 
deaily the reasoning concerning Hunter's ScreWy given in the 
note on x)Age 95. 

18. We have thus proved the principle of virtual velocities 

in the case of all the simple machines. In any combination of 

these machines it is not difhcalt to conclude that the principle 

niiiBt also hold. A law which thus brings under one view the 

conditions of equilibrium in so many different cases will doubtlens 

appear to the student one of great beauty and generality, although 

on'y a deduction from conditions previously established ; but the 

pnndple of virtual velocities appears iii its most striking light, 

whm demonstrated in all its generality, and made the basis of 

iBMhanioal iDvestigations. 



CHAPTER Vin. 

ON FRICTION. 




1. TN the preceding chapter we had occasion to 
JL speak of the effect of a smooth plane upon a 

body in contact with it, and we concluded that the effect 
woidd be to produce a force upon the body in the direction 
perpendicular to the plane. Upon the same principle we 
can conclude the nature of the force, which exists between 
any two smooth surfaces in contact. 
Let ABy CD be two smooth surfaces 
in contact at N ; then they will exert 
upon each other a pressure, which (as 
we do not know its magnitude) we will 
call R. This pressure will be mutual ; 
that is, ]f AB presses against CD 
with a force R, CD must of necessity 
press in the exactly opposite direction 
with an equal force : this is manifest from the nature of 
the case. The only question is, in what direction will the 
forces i? act? Now since the surfaces are in contaot at Nj 
they must have a common tangent at that point ; let it be 
tNt; draw nNn perpendicular to this tangent, then we 
call this line a normal to the surfaces, or the common 
normal. Since the surfaces are smooth, they cannot exert 
any action upon each other in the direction tNt, therefore 
the whole action must be in the direction nNn, or in the 
direction of the common normal. 

2. Although in practice no surface is perfectly smooth, 

yet the simplicity gained for mathematical inyestigationB 

by the supposition of perfect smoothness is so great, that 

problems are usually solved with this imaginary conditioik 

Jn the chapter upon machmea, lox V&&\jdsic^^ ^^ baye 
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r adopted this metiiod. ConaequraU]', it u necessary iu 
I wiring probleius to be able to detemiine at once the 
'n whidi smooth gurfoces act upou each other ; and 
■ itreii if we take the actual ctse of boilic:) having bquis 
B<iiigTee of roughnetui, it will be found that tlie nature of the 
■mutual action in that cose will Iw best uudoratuod bj Srst 
■becoming familiar with the simpler omo of Hioooth a' 

Odo of the most common ca.9es of miitiul action 
A of a particiti, or a surface of indefiuitely Hmolt mag- 
e, the end of a rod for instance, upon another aurfuce, 
3i that of a plane, a sphere, or the like. In this case it ia 
tk) be observed, that the surface of finite magnitude deter- 
mines the direction of the mutual pruBsure, because any 
line whatever may be considered as nnrimd to the surface 
of a puint The meaning of this will be seen better fnnn 
exiLuipli's. 

Let AB '^ B. pole, a rod, or ladder, standing upon 
the amooth horizontal plane JiV and rest- 
iag Bgainat the smooth vertical wall AG; g-t .a. 

wo must suppose the foot of the ladder / 

restrained by a string BG, otherwise it jt / 
will evidently slide down. Now, first, what * /I 

will be the action of the wall upon the 1/ ^ 

ladder at A i It will be a pressure of B t c 
unknown magnitude, R, normal, that is perpendicular, 
to the wall. Again, what vritl be the action of the sniooth 
horizoutal plane at B? It will be a pressure of unknown 
magnitude, lif, uomiol, that is perpendicuter, to the hori- 
zontal plane. Let us complete the consideration of the 
forces acting upon AB. I'he string BG will produce a 
force, which we call the t&tuion of the string, in the direc- 
tion BG: this wo will denote by T. And lastly, we have 
the w^ht of AB, which we may regard as one smgle force 
W, acting vertically at the centre of griivitj G. Uence 

the problem is that of a rod AB, under the r.^ 

action of the forces represented in the accom- 
panying figure ; and we may divest ourselves 
of all notion of wall, ground, &c., and confine 
our attention to the system of forces aj 
represented. 

Let IU tolie Another example: BD \ 



ier the R-t-— ,A 
irselvcs ^' yf 
• tbere ^ ^^ 



roil or beam, resting (us represented in the figure) in ■ 
fixed smooth hemispherieal bowl ABC, the contra of whick: 




lA I 



is O. There will be an action of the bowl npon the 
at B and C, which we will denote b; R and & 
tively : what will be their directions ) 

At B, ouly the estremity of the rod, which we 
as a point, resta upon the aurfaoe of the bow! ; cc 
quently the pressure R will be perpendicular to the 
gent at B, that is, its direction will pass through the oe 
of the sphere 0. But at C the surface of the beam is 
contact with the edge of the bowl, which we regard 
indefinitely thin ; conaequenti; the pressuro Sf will b( 
perpendicular to BD the direction of the beam. 

In this case, as in the preceding, having once dete^ 
mined the directions of the various forcee, and represented 
them, as in the figure, we dismiss the cuasidsration of die 
bowl, and confine our attention to the equilibrium of tlie 
beam BD, acted upon by the three forces R, Bf, W, 

The instances, which we have now considered, will lie 
sufficient for our present purpose j the subject will bg 
further illustrated iu a subsequent chapter, in which we 
shall be employed in solving problems, and shall efaew bj, 
what conditions the unknown preseurce, ef which we hme^. 
been speaking, must be determined. < 

4. Wo now paas to the case of rough surfacea. "WImO 
a force tends to draw one body over the surface of auothOi 
there is, as wc know by constant experience, a redsbtnoe 
to motion ; and this resistance we call the force of yHotiMk 
Its intensity manifestly depends partly upon (he nature of 
the BuiUmea in contact -, thus ib ia mote eaaj to ing l^ 
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load over a, wooden floor than over a. tnmpike road, still 
more easy over a polished marble floor, aud the resistance 
of this last may again be diminished by throwing upon it a 
small quantity of oil. Now, inasmuch aa in all practical 
problems the force of friction enters in a very important 
manner, it boa been the business of scientific men to deter- 
mine aa far as possible by eJiperiment what are the laws of 
its action. The following are the conclusions to which 
they have been led. 

5, Snpjtoao two bodies to be in contact, and one of 
them to be on the point of sliding over the surface of the 
other in conaequeiico of some force acting upon it, and 
suppose it bi be restrained from motion by the force of 
friction, then 

tThs force qf friction ix proportional to the mutual 
e between the turn bodies; and 
The force it tTidependent of the extent qf the 
in contact. 
Suppose, for instance, that a body A rests upon a plane 
surface, and that the pressure ex- jj^_ 

erted upon the surface by its own 
wei^t or otherwise is jS ; and 
suppose it to bo on the point of 

moving in the direction AB under Fa ti 

tlie action of any force, and to be restrained from moving 
I't the opposita force of friction F. Then ^is proportional 
t'.ft, or /"a iZ;. that is, if we double fl,we double F; a 
■I'.iyht of 2 lbs. will offer twice as much resistance to 
notion over a rough horizontal pkne aa a weight of I lb.; 
. « Height of 3 lbs., three times aa much, and so on. 
F Ihia relation is generally expressed by the equation 

V/i is a quantity callod the eoejfficient (f friction, and 
" "■ ng upon the nature of the surfaces in contact ; thus, 
1 it will have one value, for state another, ivory 
. It will ohu) depend upon the degree of polish which 
kces may have, the absence or presence of any oily 
■ IF between the bodies, and so on. 
l%gecond law toaches us, that provided the pressure 
IB the friction does not depend upon tt\e ei-WiA. A 
D contact i that is, a weight ot 1 \b . 'B'fi i\o\. ft-s.«A 
b— 1 



I 



pm^^^3 
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more friction if it reata upon a Burfawi of two Bquan 
than if it rests on a surfece of one*. Tliis law hov 
not true in extreme cases, as wKoq tbe surface in o(i 
reduced Tery nearly to a point. 

On tlie whole, the formula F^fiR will expreaa, 
laws of frictiun, if we remember tliat ^ is a qaai 
<lependcnt uf R, independent of tlio extent of eni 
ountAct, and dependent only upon the nature (^ the i 

6. It will be remembered, that the friction g 
we here speak is that friction which exists wbea 1 
Burfocoa with which we are cnncemed are on At f 
sliding one upon the other ; ttua is called Statical i 
When motion actually takes place tJie amount of 
is in general different; this is colled D^amieal J 
and will not occupy our attention at present; ^ 
however mention in passing, that the aame two Ifti 
for Dynamical as for Statical friction, but that thei 
addition this law, that the friction is ind^iendont 
velocity with which the surfaces move. 

The following are a few results deduced by exps 
Wood upon wood, fi = -fiO. , 

Wood upon metal, )i='60, 
Metal upon metal, fi = '18. 
These values may be much reduced by intM 
l>etween the surfaces any oily snbsUuice ; for inatanM 
lost case, if olive oil be introduced between tha 

7. Forasmnch as friction depends entire]; va 
mutual normal pressure, the consideration of ftiaw 
not introduce any new unknown force intu a prollMl 
in general, when a problem can be solved npofi tl 
position of the surfaces involved in it being s 

■ Ttali nsnit li not hi itraage as It mxj Ktipe 
pOM that * bod; oC mrUimieiifht reiti npon Hill 
of lorfKe In coatKt, uid Buppose tliitt wllhnut iillarlii| tk* *il 
dlmlniih lb« lurbce in conUcl by one lislT. tlieu IT wo retpud Uisli 
DnKarml]' dliljlbui«d oyer tU the painli af Uie nuftuw la euc' ~ 
bsTB dUnimihed the unmber of polnU bf one bilf, bat R. 
dmiMsl like prCBure apon eulipiitnti.«la(n npon the vholeUMMI 
h*4 to be loat^td u before. And lince tbe bictioa vulM db 
preHBUre. tbe Sri^Um at lAcb point wLU be ffuuA^. Hvocs, 4i 
MWBiUralnlah theBitenlot HiitKoincotilMl, n ■ 
tfae A-ldion, and theietoie tlu titcUoa nOl ^w eu 
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also be aalved with a little incvuose of trouble, but with no 

real increikge of difficultj, upon the Bapposition of the 

■mfacea being rough ; at least, it can be solved for the state 

rdering on motion. In the luaehinea, for iustauce, of 

e preceding chapter, frictioa is practically a very im- 

rtant force, and one which may by uo meaua be omitted; 

d it will be ftnmd, after what hai been said, that t]icre ia 

m> difficulty in introducing the consideration of it, provided 

mly that we suppose /* to be on the point of desceuding, 

er on the point of ascending ; these nill farm two limiting 

uee, between which all other possible cases will b 

luded. 

8. We will now give a few examples of the solution of 

roblems with friction. 

Sx. 1. The level with friction. 

Let AB be a lever wurkiug upon a cylindrical axis (7; then if 

fe loppOBB friction lo txiat 

eo the surface of the . . 

md Hi. .pirttir. In \ ] jf/"' 

works, and suppose 






A the extTemit)d^ o 
int of dEScenJing, 



horizimUl, 
tha 



n the 



ia wiU 



Ot be in tbe 

letion CD, but inclined to it at some angle 9, (airppoee). Call 
dl preuure R, then we shall have a farce of friction pS, [as in 
uflgnre), tangential to the cylindrical ixie, that is, perpendi- 
te M the direction of ]l. 
l«t AC=a, SC=lt. and let r be the radius of the cylindrical 
"wn, by resolving horizuntally and vertically and taking 
bi about C, we ahall have the following three equattonai 



-^Rc. 



,..(1). 



n cos t-iiR B[,i B = P+ W .. 

Pa=Wb + iiJ{r (a). 

Equation (1) givee ua, 

tun e = n (1), 

iMB (2) and {3) we have, 

;ir(P+lf) = (cos(? + ;<Binffl«flr, 

= (cose + ^8inp)(fa- Wb): 

I' _biao eB + ptin fl) + >ir 
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If we put for /JL its value from equation (4)» we haye^ 

P b{ooe0+nm0tajie) + rian$ 

W ~ a(co8 1 Bin^tan^) - r tan 

b+rnm0 
= i — J, (o). 

In applying this formula we may find $ from equation (4) by 
means of a trigonometrical table, and then put the value of ein 9 
in (5). And it may be remarked, that the equations of problems, 
in which friction is involved, generally assume their simplest 
form when we represent the coefficient of friction by the tazigent 
of a certain angle. On the other hand, we may, if we pkase, 
express the ratio of P to TT in terms of n, and we have then 



6 + r 



M 



P n/i + m* 

W M • 
a—r — 

We have supposed that P is on the point of deaoending ; if on 
the contrary, TT be on the point of descending, we should find in 
like manner that 

P _ ^/7+7^ 

a result which may be obtained from the other ly eh/amging tfti 
cUgd»raical sign of /a, 

Ex. 2. The inclined plane with friction. 
We will take the most general 
case, in which P acts in a direction j^ j 

making any angle e with the inclin- 
ed plane ; and we will suppose the 
weight TT to be on the point of 
(Mcending; then the forces will be 
such as represented in the figure. ^^7^^ Yw 
If a be the angle of the plane, we 
shall have by resolving parallel and perpendicular to the plaas^ 

P cos 6~ irsina-Ati2=0 (1), 

P sin c- ircosa+ R =0 (2). 

Multiplying equation (2) by /u and adding it to (I) there renUi 
P (cos e + /u sin 6) = TT (sin a + A* cos a), 
P __ sin tt + A* cos tt 
W COS € + fx am c 
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I! IT be on the poini of daaoaidiiig, tlie force of Motkm will 
be in tiie oppodte dixeetion, and tiie remit will be 
P __ uma-'fiooaa .. 

W cos ff - /binn e 
If, aocoidiii^ to tbe remark made in the last example, we put 
tu fi instead of m where /3 is a tubtidianf angle determined by 

theeqiiatioa 

tan/3=AA, 

then (8) and (4) become respectiYely, 

P sin(a + /g) P^ ein(tt-/g) 

W ""ooe (# - ^)' W" COS (e + tf) ' 

By mftlnwg ^=0 we reiduce these expressions to those already 
investigated in page 91 for the case of ihe smooth inclined plane. 

Ex. 8. If in the last result we make P=0, we have a=:/3, 
or the Bubsidiary angle /3 ii the inclina- 
tion of the plane for which a weight 
will just not slide. Let ns, as another 
example, determine directly the greatest 
angle at which a plane may be inclined 
without allowing a weight placed upon 
it to descend. 

The forces will be as in the figure ; resolving horizontally and 
yertically, we have 

J2sin a-fLScosa=0 (1), 

J2cosa + /J2sin a=W (2); 

firom (1) ihere results, tan a=/A, 

wfaioh gives as the angle required. Equation (2) gives us the 

vahMoliZ. 

- Bz. 4. If ihe interior sur&ce of a hemispherical bowl be per- 

fecUj anooth, it is manifest that a particle cannot rest except at 

the lowest point of the bowl ; but if the surface be rough, the 

partible may rest at a distance from the lowest point : let us 

detennine the limits within which this is possible. 

Let ABC be the bowl, 
its centre, OB vertical, D 
the farthest pcnnt from B at 
which a weight W will rest, 
BOD=i$. The forces will 
be as in the figure. Then, 
resolving horizontally, we 
shall have 

J2sind-^co9^=0, 
or tan ^=/ti, 
which equation determines the position of D. 





ThMO examples will be sufficient to illustrate ii 
geDeral tlie method uf tixmting problems, wlies the surface* 
involved in tliem are Dot perfectly amooth ; aud the]' iriQ 
shew that no new unknown foroea are introduced into 
problems by the consideration of friction, provided we take 
only the extreme case in which the surfaces in contact are 
on the point of sliding one upon another. 

10. It may be observed that in practice friction maybe 
regarded ob a most useful force ; the climbing a hill, or evrai 
walliing upon level ground, would be impossible without 
It ; for in this latter case the pressure of the foot upon the 
ground must, unless for this actjon of friction, be accurately 
normal to the horizon, a condition which in practice could 
not be satiaRed. To take another instance ; when a nail a 
driven into a piece of wood, it would not ri 
if it were not for the force of friction. In these and in hun- 
dreds of eyery-day instances, friction is a moat usefiil forcCi 
Then, on the other hand, in the construction of d 
friction is often far from useful, one great diGBcul^ wtOl 
which meohaniciaus have to contend hoing in some case 
that of doing away with the effects of friction ; the oonabw 
tdon of clocks and watches is a good example. 

11. MBnydeTiccH are adopted for the purpose of dimii 
ishing the resistance due to friction, in cases in which it 
action interferes with work to be done. Thus a large blod 
of stone is transported by piadng rollers underneath it, tin 
intention being to diminish the enormous amount of ftictko 
which would exist between the heavy block aud the ground. 
The wheels of carriages are the same device in a moff 
delicate form ; in this case the friction is reduced to thtt Dl 
the polished surbce of tlie axle, which by a constant m 
of oil or grease is made very small. And there is Qte n 

lioUB device ot friction wkeelt. To understands 
invention, let AB, CD be two wheels, 
turning about horizontal axes P, Q; 
and let there be upon the same axle 
Q a third wheel (not seen in the figure) 
behind GD and exactly similar to it; 

lastly, let EF be a wheel which we ^^ 

desire to cause to turn with as little friction as pmsiblsl 
'then its axle 0, instead of running in a socket, is allowed tt 
Test upon QxQ aarfacea of &q Vkka finction vbedsjll' 
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de^icribed. The conseqiicnce of this arrongomeiit is, that 
any teadenc; to friction between the axle O and the surface 
of the friction wheels, instead of being reaisted by a fixed 
Bnrface, causes tlie friction whiiels to revolTe, and thus the 
amount of friction ia diminislied to a yery remarliable 
extent, 

1 2> The following is a description of a simple apparatnB, 
which may be conveniently used for the purpose of in- 
vestigating tiie laws of friction. 

AB is a firm horizontal table, upon wliich can be 




&8teiied a flat piece Clf of one of the subsCiiuccs concerning 
which we desire, to make experiments ; £F ia the other 
substance, which lies upon the surface of CD, and bears 
npon it the case G which may be weighted to any extent. 
A horizontal string FJf, attached to EF, passes over a 
pilly at N and tarries a scale A" which also may be weighted 
as we please, In order to make esperimente upon the 
friction between two given substances CD and EF, we 
have only to put a certain weight In G, and load the scale 
A' until JEFjvst begins to more ; tlien it will be seen that 
Ihe weight of the case G and its contents, added t 
wwgbt of £F, measures the pressure between the sub- 
^, and the weight of the scale K and its contents 
i the friction for the state bordering on motion. 
e easy to vary the amount of tlie weight in G, tiie 
if the surfoces in contact, and the extent of the 
i; the result of experiments so made is to establish 
V of Mction wluch have been given in this chapter, 
b should be remarked, that in making experiments 
It bodies, such as wood for instance, the amount of 
.J will depend to a certain extent npon the time 
g which the surfaces have been in contact, being less 
is afterwards. This is quite what we should 
^it» bic reaae of friction onij U\uo& 9\etRft d 



Rft iJU^G^^fl 
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limited time : thus with wood upon wood, for instance, tba 
friction attains it ^catest value after about two or thraot 
minuteB ; for wood upou metals a longer time is required 
for the frictioD to attain its permanent value, sometiniei' 
eren ae much aa several dn^a. 

1 3. By the apparatus deacribed in the preceding article: 
we might of courae determine the value of ji for on; given' 
substances. The value luay however be obtained per- 
haps more simply thua. It boa been shewn that if a be 
the greatest angle of inclination of a plane of given sob- 
stance upon whiuh a jwrtion of another given substance 
can rest, and if fi be the coefficient of friction for the 
two substances, then tan a—ii, ^i 
Hence to determine n it will "y"-^^^ w 
be sufficient to determine a ; / ^""^"ftft^ 
suppose now that AB is a bar [ ^'^'^^^^ 

moving about a hinge B in & c B 

horizontal bar BC, and that CA is a graduated circular rii 
suppose also that upon AB we can screw a plat« of one 
the substances, and upon this plate let the other aubstonct 

W be placed j then let the estremitj A be raised until W 
is on the point of descending ; ABC will be then the an^ 
a, and will thus g^ve us the value of /i. 
m^ 14. We will conclude this chapter by considering 1 
/problem of some interest, which involves the principles « 
friction. Every one must have observed the great ad' 
■vantage gained by a sailor, who gives a rope two or thn 
twists upon a post, and is able by so doing to maintain li 
hold upon the rope when a very great force ia applied > 
the other end. The advantage gained manifestly depeadi 
upon the friction between the rope and post, and m^b 
made intelligible as follows. 

Let us consider this problem : Two weights, P and f 
are connected by a string wliich passes over a given ro m 
horizontal cylinder: /'iaonthepointofdcBcending,reqoi» 
jtheratioofPto W. 

\, Let ACB be a section of the cylinder; O its c 
Tben the string connecting P and W will be in oi ^^ 

rith the cylinder throughout the semidrcumference ACS 
Now tiie difficulty of the problem consists in this, ti 

fte direction of the string upon the cyhnder is con 

UOgiiig its direction from \ioiaV Vi 'v^SiA-'. in. oi 



this difficult; let us cut up the arc ACB into n 

equal parts, JZI, DE, EF, ; join JZ», DE, EF, 

fuod, iiiBt«a,d of conaidering tLe circulaf arc ACB, ^ ' 




r the polyg-on ADEF and let ub Buppose 

i to rest upon a prismatic post of nmnj sides 
if 9, cylindrical post. 

la consider how the piece of string ^i> is held in 

; there will be the force P at A, and a force at 

rection of DE, which will be composed partly of 

n of the Btring, which we will call Pi, and partly 

1, which we will call J". There will be a third 

ttiier a syatera of forces 'perpendicular to AD 

a the pressure of the surface of the post upon 

5, but these forces we may consider to be equiva- 

iDgle force acting at the middle point of AD 

": and proportional to its length; this force 

ire p. AD, Lastly, it wiU be observed 

■ ■JDgle AOD is by construction equal to the n"' 
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P^P,+F. (1), 

p.AD^Pi:Q»DAO-^{P^+F)cosADO (2), 

and by t!ie law of friction 

F=^.p.AD (3). 

Ni>w coa BAO^coaADO=sm^- =»m ^^, 
idso AD-^AO cM.AOD^^AO Bin ^^l 

.: equations (1), and (2), give ub, 

2pJOaiii„''--2P8i 
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2»' 



AO' 



.■. from (3), F. 
and therefore from (1), 

Pj=P-2iiPa,m^^P 



O 



-2^ si 



In like niannor if P, be the tension of the string at E, 

And ao on. But we have divided the circamference ACS 
into n parts; consequently, according to our notation, 



w^r. 



•..p{,-=,™i}-. 



This formula will explain the adrantage of wiappng 
a cord upon tlie surface of a manj-sided prismatic poat, froi'' 
which the case of a cylinder is not a very difficult ate> 
For, suppose we have a prismatic post of 2n sidea ; nnd lii 
P and Q be the two forces which are in equilibrium at Qa 
extremities of a rope wrapped upon it, P being on the 
point of overcoming Q ; then it will appear, that if we 

for shortness' soke 



0--'<T^ 






...three Q^J'A 

and so on : that is to eay, ae the number of turuB increases 
iu an arithmetieal progresaiuu the mechanical advautage 
incroaBes in a geomelrieal. 

The same concliiaiou will hold fur a cjhudrical eorface. 
tiis case the quantity which has been called r haa a 
t, which ni%ht be obtained by making the quantity n 
.^ch occurs in it indefinitely great*. But without doing 
' iMe it ma? be remarked that what is true for a ]x)ljgon of 
aa raanj sides as we please ma; be concluded to be true of 
a circle ; and therefore it may be concluded, that if we 
have a cylindrical post round which a rope is wrapped, the 
Ojechanical advantage thereby gained incrCBses in a goo- 
■ Vietrical progression as the nnniber of tume of the rope 
{ncfeajsGS in an arithmetical. Tims, if with the exertion of 
• force of 6 lbs. I am able with one turn of the cord to 

Kynstain a preBsnre of 24 lbs., then '" = ^ •" , i and two turns 

ir 96 lbs., three 



EXAMINATION UPON CHAPTEE VIII. 

DatenniDL- the direction in which the mutual presaure of 
ID amouth aurfacea in uontuft takes plaae. 

DeGnu Erictjon, anJ uiiunciute its lana ad determined by 

InveBtigate the relation of P to ITin the case of the lever, 
ling into acoount the action of friotiou. 
The same f.^r the inElined plane. 
The aame for the Bcrew. 

Find the greataat angle of elevation of an iuolined phine 
doh it IB puaaible for a lump of a given subatanoe to rest 
it. 

lit would ID rnct be. 




On Friction. 

7. A heavy particle is place<t upon tlie 
Bpliere j find tho limitB wilhia which equilibrium is po»rible. 

8. Given the magnitude of the horizonCal force (P), whicli 
will juat support a given weight (tC) upon a plana of given inclim- 
tion (o); determine the coeffidcnt of friction. 

S. There is a block of wood which can be junt lifted by the 
combined strength of two men, determine the greatest angle <£ 
elevation of a wocxlen inclined plane upon which it can be 
supported bj one man, (li = i); the maD exerting & force panlltl 
to the plane. 

10. Prove that in the preceding problem the elevation of Ibt 
plane, upon which one man can support the weight, is twka U 
great aa that for which the weight would reet b; itself. 

11. Explain the manner of making eiperinienti cODcemiig 
tiie laws of friction. 

12. Arauming the Liw, thnt when the extent of Borfooe 'a 
contact of one body resting on another is given, the friction tat 
the atate bordering on moljon varies as the preasure; deduce tbt 
truth of the other law of friction, namely. Chat the friction i» ind^n 
pEodent of the extent of snrface in contact. 

13. What is meant by /Hctunt ahttU T explun their 




CHAPTKR IX. 

PBOBLKUS. 



r tliis concluding chapter we shall give a iiumbei- of 
-. problems, of such a nature as to be capable of solution 
hy meuns of the principles already laid down. Some of 
the probleniB will be solved by way of illustration ; iu some 
hinta toWLkrds solution will be given; and aome will be left 
entirely to the ingenuity of the student. 

The following short collection of hinta and rules for Qte 
general method of treating problems may probably be 
found useful 

1. Draw a figure of the system as accurately as possible, 
representing by arrows the directions of the various forces; 
all forces, of which the magnitude is not known, to be 
denoted by symbols P, Q, B, &c. 

2. If the system contains more than one body, the 
action and reaction between the various bodies at their 
poiota of contact must be considered ; the action and re- 
action between two bodice will be always e<]ual in magnitude 
and opposite in direction, and if the bodies be smooth the 
iiction and reaction will take place in the line of the 
common normal at the point of contact. When these 
forces have been taken into account, the equilibrium of each 
component body of the system may be considered sepa- 
rately. 

3. Resolve the forces acting upon each body of the 
'iintem in two directions at right angles to each other, and 

« each result to zero : take monients about any point 
b body, and equate the result to it 
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In tlie resolution of the forces, it is not geuerally c 
BorioiiB consequence what direutJonB of reaolution ore chosen ; 
but in taking momenta it is desirable to choose the p<Hiit 
about which they are estimated, in such a manner as to 
give the simplest results ; thus, if tlie directions of two i 
more forces pass througli a point, it is generally desin) 
to take the momenta witli reference to that point. 

4. Count all the mechanical equations thus prodiK 
and count the unknown quantitiea both mechanical i 
geometrical ; if the number of unknown quantities exa 
that of the equations, the deficiency must bo supplied 
geometrical equations, that is, by equations csprem 
necessary geometrical relations umougst the parte of I 

5. If the surfaces of bodies which act upon each 
be rough, the solution of a problem m in general 
terminate except for the state bordering on motion, 
is, for the position in which the bodies are on the pcHnt 
sliding upon each other. In this limiting co^e^ the triat' 
acts in the direction oppoBitc to that in which motion WO 
take place, and is proportional to the mutual non 
pressure. 

6. The process which has been here described may : 
unfrequently bo abbreviated by artifices peculiar to 
diTidnat problems, li^pecially it may he noticed, that vL 
there are only three forces acting upon a body, tiie posili 
of equilibrium may generally be simply investigated . 
making the construction of the figure satisfy the necesu 
condition of the directions of three forces all 
throi^h tlie same point 

7. The student must not bo surprised if the iotiitiol 
of a problem load to an equation, either algebraic tK 
trig(>Dometrical, which he is unable to solve ; indeed it aSt 
unfrequently happens, that a probleui of apparent 
nical simplicity loads to such a result. This usually 
from the fact of the mode of solution adopted aece 
involving other cognato problems, and therefore giving t^ 
solutions of Uiem as well as of that with wliich hs it 
engaged. 

S. It may be remarked, as a mattor worthy of tltf 
Btiideat'a attoutiun, tlmt Ulq \tocwu^'a cumi^wiuioii (( 
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me jiroblem, aolyed by himself, will do more to assist him 
n nnilentaiidiiig the principles of Stadcs than the half- 
sompreliension of many. On this accoont it is recommended 
bo him, when he has solyed ar problem in one way, to vary 
bis method of proceeding and soItc the problem again. 
IFhna ; he may asso^de new directions of resolution, and a 
new point with respect to which to take moments ; or he 
may endeayonr to abbreviate the solution by geometrical 
oanstmction ; or he may vary the circumstances of the 
proU^n in some of its details. Examples of this' will be 
found hi the collection of problems following. 

9. In making use of the collection of problems, the 
student is recommended to consider well, and to attempt 
to solve, those problems of which the solution is given in 
Ml, before he examines the solutions. The solved problems 
will be^ comparatively speaking, of little profit to him, unless 
used with tl^ caution. 

Wiih. these hints the student may enter upon the con- 
sideration of the problems which follow, and which of 
oouise might be indefinitely multipb'ed. They will be found 
to be not exclusivoly problems concerning the position and 
conditions of equilibrium of rigid bodies ; amongst them 
are problems concerning the equilibrium of a particle and 
the properties of the centre of gravity, and some concerning 
the eqcdlibrium of a string. 



L Three forces act upon the aides of a triangular board, and 
in direotions perpendicular to the sides : to prove that for equili- 
brium the forces must be proportional to the sides upon which 
they act 

Let AJSC be the triangle; P, Q, R the forces acting at the 
points 2), £, F respectively; produce the 
directions of P and Q to meet in 0, then 
FO must be the direction of R, otherwise 
there could not be equilibrium. 

Then by a theorem already proved, 
p. 56, 
P : Q : J2 :: sm EOF\ sin FOB : sin BOB, b 

r. sin il : sin J? : sin C7, PA 

I'.BO iCA :AB. \ 




J cm^^^^ 



n. Treat the preceding problem liy rMolving the fames , 
taliing moniBnta. Shaw that if SD^x, CS=y, AF=c, i 
method of BolutioD loida to the conclneiDii, 



a,Dd explain the meaning of this oondiCiOD. • 

III. If 6 be the angular distanoe of a body from ttia 
point of a circular are in a yerlical plane, the force nf graritji 
the direction of the sro : that in the direction of the ebari' 



TV. A Btr^ght lever of uniform thickneae, the length 
weigiht of whioh are given, hae'two weights P and Q attached; 
its eitremitiea, and is kept in equilibrium partly by > tnloniai 
a given point, and partly by another futcmm on whicb it preN 
with a given force; required the positiau of this latter fulnrDm, 

V. A beam, 'iO feet long, balances about a point at 
third of its length from the thicker end ; but when a weiglit' 
10 lbs. is Huspended from the smaller end, the fnlcrom mu(t) 
moved 3 feet towards it in order to maintMU equilibrium. ¥il 
the weight of the beam. 

VI. A heavy liody is to be conveyed fo the top of a Ml 
inclined plaoe, the angle of inulination being a; prove lihatif 

coeiBciant of triction he greater than ""^^"""^ . 't ""^ 

easier to lift the body than to drag it up by means of a 01 
l^araUel to the plane. ' 

VII. If G be the eentra of gravity of the triangle di 
then 

AS'-tAC' + BC' = SiOA' + GB> + GO'']. 
Vni. CA, CB are the arms of a bent lever; C il tha Mri 
of gravity of the lever ; prove that 

.CB' , ACS 

(CA+'CB)"'^ a • 

IX. Two weights P and Q. connected by a string id p% 
length, baUoce each other upon the Burface of A iph^iD. ] 
quired the poaidon of equilibrium, 

X. If three weights, plaaed at the angnUr pomt* A, M, 
I trUugle, are reBpectlvely ^lo^oiUcnml to the oppodtc 



CG'^(CA-CB)> + }^:- 



^^qu 



PnMems. 



131 



X, 5, c ; proTd that the centre of gravity of the weights is a point, 
the difltanoeB of which from A^ B, C, are respectively. 



256 



a+6-»-c 



C08-, 



2ca 



B 

COB —, 



2a6 



C 
^,„ cos — . 

a-i-6+c « a + 6 + c 2 



XI. Two forces F and ^P', acting in the diagonals of a 
parallelogram, keep -it at rest in such a position that one of its 
edges is horizontal ; shew that F Beca=F' sec a' = W cos (a + a% 
where W is the weight of the parallelogram, a and a' the angles 
between its diagonals and the horizontal side. 

XH. A uniform beam AB, of given length and weight, 
tests with one end on a given inclined plane, and the other 
attached to a string AFP passing over a pully i^ at a given point 
of the inclined plane. Knowing the weight P fixed to the other 
end of the string, find the position in which the beam rests. 

XHI. Find the limits of possibility of the preceding 
problem. 

XrV. * Also solve the problem for the particular case in 
vhich the string il^Pis horizontal. 

XV. By means of tables obtain a numerical result for the 
ftngle between the beam and the plane, when the iDclina(ion of 
the plane is 45^, the weight of the beam 4 lbs., and P=31bH. 

XVI. A smooth sphere 
yf which the centre is 0, rests 
apon an inclined plane AM 
%t D, and is kept in equili- 
brium by the uniform beam 
A.Bj which, moving about a 
binge at A, presses upon the 
iphere at C. Kequired the 
conditions of equilibrium. 

Let a=MAN, the angle 
jf the plane; If, If' be the 

geeights of the beam and A K 

iphere respectively. At the point C there will be an action of 
^he sphere upon the beam, and an equal and opposite action of 
iie beam upon the sphere ; call this jR, its direction will be per- 
pendicular to the beam and through the centre of the sphere. 
kt D there will be ^n action of the plane upon the sphere, W 
mppose; its direction will be T)0. The beam will be kept in 
3quilibrium by the forces i2, TV acting at Q the middle point of 
kB^ and a pressure at A which we need not consider; the sphere, 
by the three forces W at 0, R and R', 

Let r= the radiaa of the sphere; i4C=AD=x\ CAB^Q. 




ffl^^^^ 



Problems. 

Tium for the beam, taking moments about A, 
}lx=WacoB{e+a) (1). 

For tbe sphere, 

JtaiL{e + a) = R'iioa (21, 

Rcae(e+a)+W' = Jecoia (3). 

And wu have the geonDetrioal relation, 



«)■ 

D and (3) by nn a and ml 

Ji{ai.(fl+Q)eo6a-eoa(fl+o)fniia)-!raina=0> 

'. combining thU equation with (1), tberc regults, 
X _ W«<x>ste+B.) 
tio9 IP' Bins ' 



or BinaeoBeo'" = (2ooaBCoafl-2BiiiamnS) J, 

^■(>-1)-»'-(-i-'"i)-'-l»l 

■■■ ■w-(i+««'i)'-2>»"(""i-")-''»«|. 

"J-(S-)"-I--(?.-)- 

Tbia ia the simpleat form to wbich the equation can 
duoed ; it boB been already rnuarlced, that not ontreqa 
ttatical prubloma uf no great degree of complication lead 
this case) to equaljona wbiob we are not able to Bolve. 

If the position of equilibiium be auigoed, tbat ia, if I. 
be given, Ibe equation nhich we have obttuned gives ns Um 
of the weight of the sphere to that of tbu beam, for we tain 
B"_ 3cotB(j:'-n')-4fW 
W (>? + a")" 

From this equation we can obtaju a limit oF the poidUUJj i 
problem ; for -^ mast be podtjve, therefore we muat have 
2 col e.1^- tt*'l - Icue poiitive, 



^T s^-a'>2axtiiaa, 



26 



[latBly; 



30", cot a= ^, 
6J3-8 10,39-8 1 
-25-=— 36— = iu'PP' 
I, if tba JDclinftHon of the plane ba 30", and the diatance of 
' point of contact of the aphere from the hinge equal to the 
iter, then for equilibrium the beam must be about 10 times 
tvy ni the Bphere. 

t tlie pirtioulac caae of the weights of the sphere and beam 
equal, the biquadratic upon which the problem depeads ia 
"' oaoubio: this the atiident may pro?e, 
ABC is a piece 
in the form of a 
llgled triimgle, resting 
} KDOoth horizontal 
The heavy yer- 
n FO, whose weight 
y^aoung through two 
'a upon the inolined 
^5. Knd the hori- 
f forcH P, which ia ne- j) 
i to prevent modou. 

Find the relation of 
n each of the accompany' 
IS of Pullies. 

A uniform rod, BO feet 

rat into two pieces of IS 

tl bet respectively, and these 

d upon a smooth li 

1 with their lower ai- 

I pressing against each 

IIBd the Qpper extremities 

Emooth verti- 

.; alio the two rods are 

^b otht 
« between the vails. 



i 
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XX. A unifonn beam rests with its extremities upon two 
given inclined planes ; to find the position of equilibrium. 

Let ^ ^, il C be the inclined planes, 
a, Pf their respective inclinations; 
DE the beam, G its middle point or 
centre of gravity, W its weight, 2a 
its length ; R, R' the actions of the 
two planes at D and E, which will 
be perpendicular to il^ and A C, 

Then if d be the angle which DE 
makes with the horizon, we shall 
have, by resolving horizontally and vertically and taking momenta 

about (?, • 

i2sina-i2'8ini3=0 (1), 

i2cosa + i2'co8)3=TF (2), 

Raco%{a + e)-R€LQO%(^-e) = ^ (3); 

from (1) and (3) 

cos(a-f g) _ cos(/3~g) ^ 

sin a "~ sin/3 ' 

or, cotacos^-sin^=cot jSoos^ + sin^; 
or, 2 tan ^=cot a - cot /3. 

XXI. Let us solve the preceding problem by a dififeient 
method. The directions of R and R if produced must meet in a 
certain point P, and the direction of W produced must psBS 
through this same pointt Suppose them to do so ; then in the 
triangle PDO, OPD=a, (for it is the inclination of 2>P to the 
vertical, which must be the same as that of ii^ to the hoiizon,) 

PDG=-W-ADQ=^0^-a-e, 
. i^^_8inPi>g_ cos(a + g) 
''' DO'"BmGPD~ sin a ' 
in like manner, from the triangle PEG, 

PG 008( ^-0) ^ 

EG" sin/S ' 
hut I)G=EG; 

...^-^^i^±^>=^^^^>, a. before, 
sm a sm/3 

XXII. In the particular case in which the angle between 
the two planes is a right angle the result assumes a simpler forn), 
and moreover gives rise to a remark upon a still different method 
of solving the problem. In this case, ^=90^-0, and our equa- 
tion becomes 



2 tan ^=cot a- tan a= 



tana 



tan a= 



1 - tan^a 
tana 




ofiBJblB positiona while ita extremities move upon the planes 
AC; tlien it is kgU known (and is easily proipd) that tha 
e point will trace out an are MGN of a, cirele LGO, of 
I the centre is A, and the diameter DE, (LO ia taken aa the 
mtal line), Then, since we may regard the weight nf the 
as collected at G, the problem is preciaely the sams as thut 
idisg- the position of equilibriuia of a particle apon the 
e of the aemicircle LGO. It ia manifest that this poeitioii 
e the higheat point of the circle ; therefore draw AG vertical, 
leinlenectioD of this line with the circle will fix the position 
J Uirongb draw DGE ao aa to be bisected tn G, (which may 
a in several waya,) then I)GE is the required position of the 
And we have, 

GAD = GDA = a + 8; 
but ej D = 90" - DAL = 90" - a ; 
.-. a+fl = »0"-a, 

or e= 80"- 2o, as before, 
I problem might be worked out in a similar manner for the 
genera] cBS«, hut the locua of G would then bo an ellipse 
1 of k oirde, and the solution would not be so simple. This 
1 of aolution has the advantage of pointing out the charaeter 
equilibrium of thia prohlent with respect to ilabilitji (aee 
; ita it il evident that the equilibrium of a particle Upon a 
1 drole ia unstable or only theoretically poaaible, therefore 
> cqulUbrium of the beam DB ia unatabls. Practically the 
oe of ftictiou will make the equilibrium possible, and that 
MOinderably wide limitB : let us investigate thui caae. 
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XXIII. Suppoaa Ote extremity i) to lie on the pwit ( 
desoending, thea tbo friction at D will be iu the (iirectiai Bl 
tliat at £ trill ba in tbe direction EA, and the equatJons of d 
problHin wiU bo na followa, (»cd fig. p. 134) ; 

Eaiaa-iiRcoHa-Ilaia^-liJt'coap^O (1) 

JtcoBa+>iHBina + Jfoos3-KS'BiQp=H''. 

BanoB{a+8) + idlaein{a+6}^RatX)t(p-ff) + iiI{iuiaifi-ffj=l 
Frora (1) Bad (3) «e have 

coB(a + g) + ;tBin(a + g)_ co«(^-fl)-;^Bip(|S-fl) 



Let us aitnpllfj this eqaation by putting /i — taaf, then 

coB(a+fl-/) _ ™ (?j:i+-0 

Bin (a-/) Binf/H-/) ' 

and2t«ne=CQt(B-/)-cotOS+/). 
This givea us the -/alue of S when i) ja on the point of de 
ing; if, on tbe other band, I> bo on the point of aacendii 
have oolj to chacge the sign of /, and, calling the value of 
thia csBe ff, we hata 

2tanff = oot(a+/)-ootO-A 

In the particular case in which ^ = 90" - a, 

2 tan fl= oot (o -/) - tan (o -/), 

Mide = fl0''-2a + y, 

aimilarly, ff^3lf-2a-^, 

..\e-ff=tf. 



ing. "•I 
ofSfarJ 



XXIV. Tary the preceding prohleci by taking one of 
pUne« Terdoal; and let ths planea be (]) smooth, {2) rough. 



XXV. 


Vary it agai 


byo 


onaid 
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other ai 
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Let AB be the beam; G its 
middle point, or centre of gravity, 
W its weigbt, 2a its length, MN the 
trail, Jt the pressure of the wall 
upon the beam, which will be hori- 
Eontal. 2> the prop, c its distance 
DE from, the wall, P the pressure 
3f the prop on the beam, which will 
be in a direction perpendicular to 
A B. Also let 6 be the angle which 
AB makes with the horizon, or 0=AI)E, 

Then resolving horizontally, and vertically, and taking mo' 
ments about A, 

B-PBme=0 (1), 

W-PcobB^O (2), 

Pc8ec^-TFacoB^ = (3). 




From (2) and (3) 



csec^=aco8*^. 



or cos*^=-, 



a 



cos^ 



=(9*. 



which determines 0. It appears from the result that e must be 
less than a, as is represented in the figure, and as must manifestly 
be the case. 

XXVII. We may solve this problem otherwise. In the tri- 
angle A ED, the sides AE,EDj DA are respectively perpendicular 
to the directions of the forces R, W, P; hence they are in the 
same proportion as those forces, that is, 

B : W : P :: AE : ED : DA, 
: : sin ^ : cos ^ : 1. 

rhis proportion is equivalent to equations (1) and (2). But we 
must obtain another equation in order to solve the problem ; this 
is done from the consideration that the directions of three forces 
must meet in one point ; let them meet in ff. Then 



008^ = 



AD _caeod 
AH aooBd 



,or 008^^=- as before. 



a 



XXV 111. Vary the preceding problem by taking the plane 
MN inclined at an angle a to the horizon. 

If be the angle between the beam and MN, the result ii 

sin* 0CO8 (a- 0)= - tin a. 



I™^J^I 
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XXIX. Tako the problem as beforo, with the exoept 
suppoting a weight IV BuapeniieJ from B. 

XXX. If the wall be rough, End the limitiDg poaitiom ul 
qoilibriam. 

XXXI. Three imifarm henma of lengtli 2a, 2A, ■nd £a 
respectively, and of equal thickoeBs, are laOBcly Jointed tc_ 
and suspended aymmetricall; from a fixed cjliader, of whiclk dw 
axid is horizontal and the radius greater than b, the middle bt 
reating upon the cylinder. Deteimine the prBaaiire >( the (hra»' 
points oE contact; (i) when 2a ia greater than & ; (2) nhenit 

"^t AB, BC, CD be the three beams, E. 0% F the poiutt oli 

aot, the middle point of ^S. The figure will snffioian^ 

explain the forces which act; it need only be rem&rked, that the 




B is assumed to be one foroe P 
acting in a direction detei-mined by the lUigle B which it m 
with the horiion ; we miglit Iiuve iissumed a horizontal and Terti- 
cal force, but have choaeii to assume one fores in a directioD to 
determined. 

Iiet r be the radina of the cylinder, EOG'^a, then the equo^ 

IB for the beam ^ £ are 



= W..- 



...(1), 



Ji6-'H'acoso = (3); 

for the beam BO, 

B-'2Pmae=W (4); 

ither two equationa are identical; and those for CD tre U 
lome OB for AB. And we have the geometrical retatian, 




Problems. 139 



From (8) 



1 - tan^- 



R = -=- cos a = -7— £ — z — 7^ * 

' * l + tan'? ' •"+* 

It will be observed that the problem is set with the condition 
that r is > &, and it is manifest that the beams AB, CD could 
not otherwise be in contact with the cylinder ; in the expression 
just found for 72, if r be less than 6, R becomes negative ; which 
shews that the beam AB could not be in contact unless held by a 
string, the tension of which would be a force in the opposite 
direction to that assigned in the figure to R, 

Again, from (4), 

R!=W-\-2Psme, 

= Tr + 2Tf-2i2cosa, from (2), 

= TF+2Tr-2TF|cos«o, 

Since the beams are of equal thickness we must have 

W \ W w h : a\ 

■•■''■"'ll"-¥(fe?)"t- 

Let us simplify these expressions by supposing that r=- 25, 

Still further, suppose that a =26, 

theniJ = ?Tr, ^=(| + 2-g)H'=J>. 

XXXII. The case in which 2a is < & we shall leave to the 
student's own ingenuity, merely remarking that he will find the 
mechanical equations, with one exception, to be the same, and 
that he must substitute a new geometrical relation for equation (5). 
Ko step can be conveniently taken for the solution of the problem 
beyond writing down the appropriate equations. 

XXXIII. Two equal and similar rough beams are fastened 
together by two of their extremities, so as to include a given 
angle and together to form one rigid piece ; the piece thus formed 
is balanced upon a fixed rough horizontal cylinder. Betermine 
the limiting positions of equilibrium, the coefficient of friction 
being tan /. 



fon^^i^M 
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The atudant ma;, if he ploaae, sloipUfy this problem bj lajaag 
(lis angle between tlie baamB a right angle, Eind each of the beima 
eqnal in length to the diameter of the cylinder. 

XXXIV. A person Buapended in a balance, of which Ihl 
arms are equal, thmstB hia centre of gravity out of tho verticil, 
b; moana of a rod fixed to tho further extremity of the beam A 
the balance, the direotioo of t^e rod passing through hia ct 
gravity : given that the rod and the line from the nearer end of 
the beam of the balance to his centre of gnivity make unglea a,f 
with the vertjcal, shew that hia appargnt and ^ue vreighta an b 






in(«- 



Bio(.^ffl. 



XXXV. A uniform beam is placed in a fixed smooth hend- 
Bpherical bowl, the diameter of which ie less than the length (S^ 
the beam; find the position of equilibrium. 

We will leave this problem to be treated by the si 
ing to the general method of resolution of forces and of m 
and will insert a geometrical lolution. 

Let d5 be the beam, Cflff the bow!, itscentre; draw iOJ', 
and EF perpendiculur to AB, ta meet in F ; these will be th* 
directionB of the two preBBuree R, Jl, at A and E. From F di 




a vertical line, which must pass through G, tho middle pmnt oi 
AB, and be the line of aedoo of it« weight IT. Lot r lie tl 
radius of the sphere, A£ = 2a, 6 the angle which AB mtkea vil 
the vertical, or FOE=e. 

Then OAE^OBA^QO"- S, Alsosince^fiJ'ia a righ*an|l 
micircle described upon AF will pass tbrougbf, .\AO-^0i 



AF^2r. 




Now from the triangle FAG, we hav 


AG 


sinifff 


AF 


^AGF 


<i_sinlfl- 


90" + e) 



or ainlfl --8111^-^ = 0, 

■^ratic for detennining B. 
The student may porhapa be puzzled \sj obtaiiiing a, quadratic, 
wMoh must have of nocoaaitj two roots, when apparently one 
onsver only wad required to the problem : by aolving the equa- 
tion, (or bj observing the BigJi of Its laet term,) he will pera^ve 
that one root of the oqitation is po^live sod the other negative, 
and since the angle which he requires is manifoatly leaathan 180° 
he will know that the positive root is that which ha seeka. The 
full explanation however of the existence of the negative root 
would lead ub into difficult cousiderations, which aj-s better for 
Jlu present omitted. 

K • 3t YTT VT, Con«der the preceding problem, taking scoeunt 
BiUiition, 

y XXXVII. An aperture is made at the ertremity of a hori- 
Eontal diameter of a Exed boUow sphere, and a rod without 
weight and of greater length than the diameter of the sphere 
inaarled ; pven the length of the rod, determine the conditSoUH of 
equilibrium when it is acted upon by a given horizontal force, at 
lbs extremity which lies without the sphere. 

XXXVm. AOB is a fixed vertical rod in a fixed hemi- 
apherital howl CBD, of which the 
centra 'a 0. PQ is a uniform rod 
Mling upon the bowl at Q and upon 
MOB »t P: to find tlie portion of 
Bm iMbrium. 

^ Join QO, thia will be the directjun 
of the proBBure of the surfaoe of the 
bowl upon the rod at Q, which call R. 
The preBBUre if of the rod AOB upon 
FQ at P will be horizontal. The 
weight W of PQ will act parallel to 
iOB at the middle point of PQ. Let ^ 
BO=r, aadPQ=2a. 

Then resolving horizontallj and vertically, and taking m 




QOB = <fi. 



A a, WB have 



ff-Sai 



...(I). 



£'aaMS-Jiaun(#-«)»Q..„<8J 



- in 



ijuimnn^ 



And we liuve the gennietrical relatioa 






Now from (1) and (3) tlioni results 
Bin*coBe=Bm(<fr-fl) 

.: BID Sooa ^ = 0. 

HencB either 9 = 0, or ^sSO"; the latter i 
beoauss (2) nould give us W=0; hence = U the only ia\a- 
tian, that ia, the rod FQ muat stand verticollj, in which cue il 
ia manifest that there will be equilibrium. 

CoDBOquently there ia no suoh poaitioii nf eqailihrium as that 
which we have repreasntod in the figure; and a little oonaiden- 
tion would have pointed this out to us B.t firat, for it ii eiident 
that the directions af the three forcea W, S, S' cannot ^us 
through the same point, which ia an easeDtiSil coaditioD of eqni- 

XXXIS. A ladder Iieing placed against n perfectlj gmonth I 
wall, Bnd the amajleat angle of elevsitioi Fi>r whicii equilibrium II J 
posaibla, tha coeEBcient of friction between the Lwldar and gronod I 
bein^ given. 

SL. A hemisphere ABC being placed in contact with t 
smooth TBrtioal wall, as in the figure; to find 
the nearest point tn C7 at which a smooth prop A 
being plactnl, tbe hemisphere will he nt rest. 

Let be the aentre of the sphere ; draw 
0GB horiiontal, then it is evident that tlie O 
centra of gravity of the hemisphero will he 
somewhere in OB : let it be (7 ; the exact posi- 
tion of f7 is a matter of indifference so far aa the C 
method of inveetigntion ia concerned, bnt we 
ma; as well assume that which can be proved, 
namelj, that OO -. OB r. i : S. Let IF be the » 
hemiaphero which acta at G, 

Again, if there be a prop at any point P, it is plain that ll 
hemisphere cannot fall without twisting so na to aeparale itM 
from the wall ; just before the final B"paration takes plaoe, fl 
lowest point C will be the onlj point in contact with the wafl 
hence we may anppose the action of the wall to produce h 
It at the point C, and in the direDtJon perpendionlnr ia AC, \.t 
ID Ibe horiaontal direction. ~ 

Let the directions of IP and R interaect in N. Than llu ft.. 
force ariaiog from the presBviTe o{ the \ito^ muat alaa act thrand 



leigbt of I 
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N; but this force must also act through 0, siDce it must be 
normal to the surface of the sphere ; hence, joining NOy this must 
be the direction of the force, and the point in which NO meets 
the hemisphere will be the point required. 

ON 3 
If we denote by 6 the angle CON, then tan =■ -^-^ =^, or 

C/C o 

9=20^ 33' : and the angle 6 thus found will entirely fix the posi- 
tion of the point required. 

We have solved this problem by a geometrical construction, 
AS being the neatest method of treatment. If however we had 
baken P as the point, and denoted COP by 6, and the pressure 
at P by R', we should have had the equations 

Ji'coBe=W .'....(1), 

i2'sin^ = ii; (2), 

R.OC^W.OO (3); 

(1) and (2) give us. 

*aii ^= -^^ 

and from (3) 

R _0G _^ 
W~ 0C~ S' 

.*. tan ^ = - as before. 

o 

XLI. Consider the preceding problem on the supposition of 
the wall being rough. 

XLII. If the wall be smooth and the prop be jaot at the 
nearest point possible to C, but at any other point P such that 
COP = Of determine the pressure upon the wall and prop respec- 
tively. 

XLIII. A cylinder lies upon two equal cylinders, all in 
contact, and having their axes parallel : and the lower cylinders 
rest on a horizontal plane : tan /, tan /' are the coefficients of fric- 
tion respectively between the cylinders, and between the cylinders 
and the plane. Supposing the points of contact all to slip at the 
same instant, find /and /'. 

Let W be the weight 6f the upper cylinder, PT' that of either 
of the lower ones, R the action between two cylinders, R! between 
either of the lower cylinders and the plane ; a the angle which the 
line joining the centres of the upper and either of the lower 
cylinders makes with the vertical. (The student can supply the 
figure.) Then the equations of the problem will be as follows. 
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metioal progresBioii. In this arithmotical progreaMon it ia evident, 
the terma muat be deoreuing, (eicce the angles increu^, 
and therefore their cotangents dimioiab;) hence the b 
at length become negative, that is, the angle will be greater thn 
s right angle, and these will correspond to the strings batwoaft' 
tbe lowest weight and the point G. 

The set of equations dmilar to (1) eipreas that the horizontd 
oision of all the striuga ia the eame; a reault which might hi 
een aatiolpated. And this same thing is true of a chain or cnid 
luspended from its two extreojities, and ao forming what is culled 
a catenary; that ia to say, the hurizontal tension is the 
all poLnta of the chain or oord. 

XLV, Two equal weights are Biupended from two points b 
le same horizontal line, which are two feet apart, by meuiB 
three threads which are respectively 1, 1 and 2 feet long; pro 
t the three acute angles which Um threads make with t 
horizootal line are together equal to two right angles. 

XLVI. If in the preceding problem the connecting thresdi^ 
be each one foot long, deterniine the angles which they n 
with the horifflin, and their tenaiana. 

XLYII. Having alluded to the form assumed by a oord or 
chain euspeuded from ita two extremities, it may be u well t; 
" e one or two more remarka upon the aame subject Th* 
form of the curve we ahall not be able to inveBtigate, withoat 
urae to a higher portion of the pure matbematica than w« 
suppose the atudent to h 

propertiea of the curve may be inveatigated without difficulty. 
jet A CB be a uniform cord, hanging from two polnla AB {| 
<Bme horizontal Une ; D tho 
middle point between A and B ; 
~ " a vertical line. Then it is 
evident, that the portion AC oi 
Ha cord on ode side of HC 
be precisely aimiiar to the 
ion £C on the other side, 
and will be the lowest point. 
Now how are we to apply our principlas of equilibrium, whiotl 
have been investigated for a particle aad for a rli/id body, U ' 

of a card which is neither the one dof the other! Tha 
method adopted is as follows. 

Let P be any point in the cord, and let the length of CP=\ 
Then raws the cord is at rest, it will not affect the equilibrium : 
'e nj^oiB the portion CP to become rigid; suppose, for inatuiai 
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flu!d which solidifies, so that 
CP hanga lilte > wire with cords at its extremities. The rigid 
piece GF wiQ bo held in eiiuilibriuni by the vertical force of its 
o«Q weight, which will he proportional to a and will act through 
its centre of gravity, and by the tensions of the cord at Q and P ; 
now these tenidoaa will be in the directions of the tangonta of the 
curve at thoae points, therefore the tenrion at C will be evidently 
horizontal, and that at P will be in the direction of EP, anppose. 
We have already esplained tliat the horisontal tension will he 
the aame at all points of the catenary, therefore the tension at C 
which is wholly horizontal will be equal to this eonstant horiaontal 
bemaon ; let c be the length of cord the weight of which would be 
equal to this tension, then as the weight of OP is to s, bo ja the 
tenaon at C to c. la like maoner, denote the unknown tension 
at P by t, where ( is in fact the leaglh of cord whose weight would 
produce tbat tension. 

Now draw PF horizontal, that is, perpendicular to DCE. 
Then CP is kept in eqUiiibrium by the throo toreefl e, c, t which 
ut in direotioQB respectively parallel to FE, FF, EP ; therrfore 

ithe Triangle of Forces, 
$ : c : t :: FE : PP : EF. 
ttAFEP^e.fbea 
^s— <■> 
Bid ^ ■|J.oi,m»,orC = ^+^...(2). 
^e cannot prooued any further in the solution-; but it will be 
a that we have obtained two important results. 
For (1) gives us the law aooordlng to which the direction of 
the tangent of the catenary ohauges as we preceed^m the lowest 
point ; and it will be interesting to notice how this result may be 
obtained from the correspoadiug ei^uation in the investigation of 
the funicular polygon. 

Now we may regard auDiformcordas a series of equal weights 
oonnected by strings of indetiDitely emtCl length, and then the 
diiectionof the string joining any two weights wiUbe the direction 
of the tangent at the corresponding point of the vatenary. Let 
Ihen the cord s ba divided into any number (;>) of equal parts ; then 

the weigbb of each portion will be measured by - . Now resuming 
11 (1] and (2) of tl 






therefore, adding all these equations together. 



But at the lowest point of the oatenary e,rf,=flO', i 
ootfl^, = 0; and B, is the angle whioli wo have oaJIedtfinfl 
inTestigation of the catenary ; 

.', cotfl = - as hefore. 

A^n, equation (2) givea us the law according to wbich tl 
tfinsion of the cord in the catenaiy varies from point to pmnl' 
This may be in like mauDor deduced from the equation (1) tt 
the funicular polygon. 

XLVni. The follawing la an example of the application 
the preceding inTestigation. 

A chain of ^von weight is auBpended from two eqni] verti 
poeta of given height, aud the angle which the chain makes wilb 
either post at the point of Bugpenaion ia observed. To End ttt 
moment of the force which tenda to overturn one of the p 

If A betheheigbtof oneof the poata, then, 
according to our previous notation, ch ia the 
moment required. Todetenninee, weohserve, 
that if fFbn the whole weight of the chain, 
and a the angle which the chain makes with 
eitW post, then 




.'. c= IT tan a, 
and Wh tan a is the moment required. 

It may be remarked here, that although a cord may I 
stretched ao as to be for ail practical purposes horixontal, aa ll 
the case of a pianoforte atiing, yet it never can be so accaratstji 
In the preceding inveetigation b cannot be 90" unless either W=^ 
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XLIX. Analogous to the problem of the funicular polygon 
IB that of the conditions of equilibrium of a system of beams, 
resting one upon another so as to form a kind of arch. The 
essential distinction between the two problems is, that in the case 
of the beams we have a series of equations of moments, which 
do not occur in the other. ^ 

To simplify the problem we C^-^f^^^*^^ 

will suppose the beiuns to be all JL-^pf^^ |^ ^^' 

equal and uniform, and that ■a/^'^ \^ 

there are an even number of ^^ / ^-X >B' 

them. Then the arrangement ^/'^ \ 

will be such as is represented in '^"^> \ 

the figure. AX A' 

Let us consider the forces which act. Upon each beam there 
will be the vertical force W, its weight, acting at its middle point. 
At each extremity of each beam there must be a force, which 
it will be convenient to consider as resolved into a horizontal and 
a vertical part ; this will be convenient, because it is evident 
that all the horizontal parts must be the same throughout the 
system, and we may therefore denote them by one common 

symbol X : let Fi, Y9, Fs, be the upward vertical pressures 

at the lower extremities of the 1st, 2nd, 3rd, beams respec- 
tively, reckoning from the lowest; and let ^, 6^, d^, be the 

angles which the same make with the horizon. Also let there be 
2n beams, and let the length of each be a. 

Then the mechanical equations for the n beams on the left of 
the vertical through the highest point D will be as follows : 

riacos^i+raacos^i=2Xasin^i ! ^ '" 

rsacos^,+ r8acos^,=2Zasin^a) 



r„acos^.=2Zasin^J ^^' 

It will be observed that there is no vertical pressure upon the 
upper end of the last or n^^ beam. Thus we have 2n equations 
involving 2w+l unknown quantities, viz. X, Y\y 7,,... 7",, 0^, 
$2f'-^»' We must have one geometrical equation, which will 
result from the fact of the distance A A' between the points of 
support of the system being given ; call it 2c, then we have 

acos^, + aco8^8+... + acos^«=(? (n + 1). 

We can proceed a little further in thQao\u\AOuol^\i<bY^^V:^!ssE!L« 
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We have r.= TT, F^i - r.= AT ; 

in like maimer F._s=3Tr, and bo on. 
Lastly, y,=»fr. 
This result might have been foreseen, sinoe the point d 
support A bears the whole weight of the beams, that is, the votical 
pressure upon it is n TF. 
Again, we have 
2X tan ^, = r, + r,=nTr+ (« - 1) Tr= (2n - 1)W, 

2Xtan^,= r,+ r8=(n-l)ir+(n-2)Tr=(2n-3)TF, 



2Xtan^,= y.= Tr; 



tan^i 2n-l tanga _ 2n-3 . tang,_i _ 

"'* tim^ ~ 2^r^ ' tim^~2n-5' ' tan^, "" 

We cannot carry the solution any further, because of the 
unmanageable character of the equation (n+1). 

L. Three uniform beams rest upon abutments, as in the 
preceding problem. Write down the equations necessary for the 
solution of the problem. 

LL Let AB, BC, CD be the three beams; and let AB 
= BC, and AD^ CD=2AB ; then if a circle be described through 
B and C and touching the horizontal line through Bj it will pass 
through the point of intersection of AB, 2) (7 produced. 

LII. Two equal beams rest upon a smooth horizontal plan^ 
bearing upon each other at their highest points and having their 
lower extremities connected by a string of given length ; find the 
tension of uie string. 

In common roofs the lower extremities of the principal raften 
are frequently connected by a beam called a tie-beam ; the result 
of the precediDg problem will point out the use of the tie-beam, 
in preventing any spreading of the walls in consequence of the 
outward pressure caused by the weight of the roof. 

LIII. Supposing the surfaces of the stones, or voussoirSf of an 
arch to be perfectly smooth, to determine the conditions of equi- 
librium. 





Let A BCD be the arch, composed of perfectly smooth stones, 



■w> ""i 
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Bvliich press against each other, and rest upon solid masonry at 
dB and CD, 

Consider the equilibrium of the first stone, or voussoir, 
ABB^A^, the weight of which call TTi, which acts through the 
Qentre of gravity. Now the pressures of the voussoir upon the 
3tone-work at ^jB will be equivalent to some one pressure R acting 
at a point P perpendicularly to AB, Let the direction of this 
pressure meet that of Wi in ; then the pressure between the 
first and second voussoirs must be a pressure JR^ passing through 
: therefore if we draw OPi perpendicular to A iB^, this will be 
the direction of Ri, In like manner we may determine the 
direction of the action between the second and third voussoirs, 
and so on. 

Let ^^i^2"-^® *^® angles which AB, AyB^y AiB^, ... make 
vrith the vertical. Then we shall have the following equations, 
72 cos ^ - iZi cos ^1 = 0, I . 

R%me-RiSinex=W^ ^' 

Ri cos 01 - R2 cos 62=0, ) 

RiaiuSi- RaBindi^Wi) ^ ^* 

&c. &c. 

The analogy of these equations to those of the funicular 
polygon will at once be noticed. 

We shall not pursue this investigation further, but will point 
>ut a simple geometrical construction by means of which we can 
letermine, if the directions of the joints of the voussoirs be given, 
;he relations of the weights, and vice versd, 

(1) Let the directions AB, A^B^, &c. ^ ^' ^^ 
3e given. 

Through any point X draw Xa, Xai, 
Xa^ ... parallel to AB, A^B^y A2B2, ... and 
Iraw any horizontal line cutting the above 
ines in bbibg . . . respectively. Then the 
itraight lines 661, 61 62* ••• will be pro- 
portional in length to the weights Wi TF2... 
The student will easily supply the proof. 

(2) Let the weights Wi, W2, W3, ...be given. The direction 
)f the face of the abutment -4 5 is arbitrary, let it be dbX; and 
ihrough any point X in it, draw a straight line parallel to the 
•ace of the other abutment (not represented in the figure). 
Draw a horizontal line cutting these two, and divide the in- 
^rcepted part in 6,, 63, ... so that 66„ bfi^... shall be in the 
ame proportion as Wi, Wa, ... Join Xbi, Xb^ ... ; these will be 
;he required directions of the joints. 
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Tbe preceding investigation, though useful ae an illustnitJM 
of statical prinoiplee, ie of no practical value in tbe conBtruodol 
of orcheB. For tbe hypotbesia of the nmoothneaa of the Toundn 
is one which does not hold even Hpproxim&tely ; the force d 
Irictioti iB neceeaanly great, and may 1>b made aa large Oi It 
please. An arcb coQstruoted upon tbe preceding piiDd[da 
would atund ; but with this peculiarity, that any addildoiU 
preaaura tii any one of tbe vouasoire would cause that toubKI 
to aink and others to rise, until the line of pfetsura bad »i 
juated itself to the altered cireumstanoes. But when the friotia 
is auch as to prevent tbe vouiisnira from sltiiiog upon each othet; 
Uie arch cannot give wny except 1iy breaking : and a tittle co^ 




sidecation will ahew that it must break into at leaat thm portiom 
and tbe fracturea lonat be alternately in the exi-nuiog a;ad inlraikl 
or eitarnal and internal curve of tbe arcli. The true theory i 
the arch therefore ia much more nearly connected with that < 
the equilibrium of boaraa, than that of the theoretical problem I 
an arch built tritli smnoth vonssoira. 

LIT, A string' having its eitremitaes €sed to the ends of 1 
uniform rod, of weight W, passes over fom: tacka, so as to fbn 
a regular hexagon; tbe rod, which la horizontal, being one of H 
aides ; find tbe tension of tbe atring and tbe vertical preaaoM t 
each tack. Shew alao that the red cannot hang in any otb 
than a horizontal position, 

LV. If one of the highest tacka be removed, compare ti 
vertical pressure upon the other highest tack with ita valaa 1 
obtuned in the preceding problem. 

LVI. Still further ; of tbe three remaining tacks remove tb 
which is furtheat from thu highest, and again isaicalate 11 
vertical pressure upon the highest tack, 

LVII. A uniform beam rests with one end upon » givl 
smooth inclined plane, and is aupported upon a prop which i*l 
a given dietanee from the inclined plane ; determine the Uml 
between wiiicb tbe length of the lieam muat lie in order thataqt 
librium may be posaible. 
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I. VIII. If in the preceding problem tho beam be too long for 
equilibrium to ba poasiblo, and inatoad of merely reatiog apoD 
the inclioeil plane it bo therefore attached at a given point by 
[mstuia of a hinge, find the dirootion and magnitude of tjie strain 

rn (he binge. 
LIX. A ladder reeta in a given poBition i^inat a smooth 
'''WbU with its foot upon a rough pavement ; determine the weight 
which must be placed at ils foot to prevent it from eliding ; the 
coefficient of friction for the ladder and the weight being bolh 

LX. Ad equilateral triangle of given weight is supported 
in a, horizontal position b; three equal threads ; the stiiingth of 
the threads is such, that tivo of them would juBt sapport the 
trisugle ; determine the greatest weight which can be plaoed upon 
the triangle without breaking the threads. 

L3CI. A ladder resta against a wall ; given the weight of the 
ladder, the angle which it makes with the horizon, and the co- 
effioient of friction both for the ground and also for the wall; find 
how high a man of given weight can ascend without causing the 
Udder to slip. 

LXH. A uniform etring hangs in equilihrinm over two pegs 
(not in the same horizontal IJue), ehev by general reasoning that 
tbe two extremities muat be in the same horizontal line. 

First suppose that we have four pegs A, B, C, D, in tbe same 
Tsrticil plane, of which A is vertically over C, and B vertically 
over B; and let C and i) be in tbe same horizontal line, bnt A 
mi B not in tbe same horizontal line. Take an ecdleBs string, 
and suspend it upon these four pegs; then it will arrange itaelf 
in some position of equilibrium, forming a festoon or catenary 
from A to B, and anetbet [roiQ C to B; tbe catenary CD will be 
perfectly symmetrical with reapect to C and 2>, and therefore will 
e precisely tbe same tension at C as at i): whatever 
nsion there may be at C and D will be counteracted 
and the vertical tension will be equivalent to two 
iei^W hung upon the strings A C, and BD : these equal 
Ibhta may be represeuted by two equU pieGes of string CE, 
le eqnihbrium will still eubaist if wa remove the pegt 
, and tbe catenary CD, and instead thereof add tbe 
il lengths of string CE and OF. We have now the string 
'a equilibrium upon tbe two pegs A, B, with its ox- 
in the same horizontal line ; and conversely it is not 
o shew, that the string oaimot be in equilibrium ualsBS 
tolremities are in tbe aame hoiizoutal line. 
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Suppose A and B tu be in the name liorizoiital line, i 
is eaay to caJculatB tie laogth of AE and BF in order iUd 
may be eq^uilibrinm. For we have already proved the | 
formola for the tension f'^i' + e''. Hence if 2a be Ui» 
leogtii of the string we murt have AE'=ii' + c'. 

LXIII. A hemiaphere is placed witli its bane in contM 
a smooth wall, and it is moveable about a hinge at its 
point; a string fixed to a point in the wall vertjcally m 
hinge carries a weight, which pceseeB the stritig again 
hemisphere, and bo preaerves equilibrium : finil the a 
weight which will answer the purpose. Tlio distance of t!i> 
of attachment of the string from the hinge may be taken 
three tdmee the radius. 

When the system is in equilibrium, the student will g 
that the string may be supposed to be fastened to the hand 
at the two extreme points of the aro of contact, and thareQ 
action of the string will be reduced to that of two forces •( 
two points, each equal to the suspended weight i 

XiXXY. A sphere rests upon two inclined planes; fl 
pressure sustajncd by each. [ 

LXV. A sphere rests upon a fixed horizontsJ ptuii 
equal rods, connected together at their higher ends bj •< 
rests symmetrically upon the sphere, their lower ends t4 
without pressing the horizontal plane. Find the ineliul 
either rod to the verticaL i 

I.XVI. An isosceles right-angled triangle rests in > ■ 
plane with the right angle downwards, between two pe| 
distance o from each other in a horizontal line; detenn 
pDsitJans of equilibriiun. 

LXYII. If (7 be the centre of gravity of a triansb 
three forces in the direction of and propordonal to OAr 6 
will keep a particle at G at rest. 

LXVIII. A hemisphera is supported by &icUon n 
citrved surface resting upon a horizontal and in contkct 
vertical plane ; find the limiting position of equilibrium. 

LXIX. AJI is a rod cajiable of turning freely abi 
extremity A, which is fixed, CD is onotlier rod equal tm 
and attached at its middle point to tbe extremity Bd the^ 
■O as to turn freely about this point ; a given force sots t 
the direction CA, find the force which must be applied al 
order to produce equilibrium. 
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IiXX. A unifoira beam ie Inmg from a fixed point b; two 
Qneqttal atringia of given lengths attached to its extremiti^: com- 
pare tha tenaion of each atring with the weiyht of the beara. 

LXXI. If a set of foreea, acting at the angular points of a 
plane polygon be repreaantBd in magnitude and direction by the 
«idea, taken in order, shew Uiat the tendeacj to turn tbe body 
about an axis perpendicular to the plane of the polygiin ia the 
Hams through whatever point of the plane the axis pusses. 

LXXII. A triangular board of given weight rests in eqnt' 
tibrimu with its bue on a horizontal plane eufSdently rough to 
prevent all sliding, A force acta upon it in its own plane and 
in a given line through the vertex and without the triangle; find 
the Kmita between which the magnitucls of the force must lie if 
the equilibrium is preaerved. 

LXSIII. Two equal circular ilielis with smooth edg^s, placed 
on thdr flat aides in the comer between two smooth vertical 
planes inclined at a ^ven angle, touch each other in the line 
bisecting tbe angle. Find the radius of the least disk which 
may be pressed between them without eausing them to aeparate. 
L LXXTV. If two scales, one containing a weight P aud the 
Bfeer a weight Q, be suspondod by a string over a rough aphere, 
|nd if Q be on the point of descending, then the weight ^^^' 

put into the opposite aeaJe will make that scale to be on tie point 
of descending. 

LXXV. A uniform and straight plank rests with its middle 
point upon a rough horizontal cylinder which is fixed, their 
du'ectiona being perpendicular to each other, Find the greatest 
weight that can be put upon one end of tbe plank without 
c&iuing it to slide from the cylinder. 

LXXVI. A square rests with its plane perpendicular to a 
nmnnth wall, one corner being attached to a point in the wall by 
1 !triDg the length of which is equal to a side of the square; 
dliew that the distances of three of its angular pointa from the 
, wall areas 1, S, and 4. 
1 JUULVii. Aheavy equilateral triangle, hungup onasmooth 
' f B atring the ends of which are attached to two of its 
tipcrintH rests with one of its sides vertical ; shew that tbe 
'le string ia double tbe altitude of the triangle, 
SVni, OnBendofabeam, whose weight ia W, ia placeii 
horizontal plane; the other end, to whlcb a atring is 
M upon another smuoth pluie, inoJined to tbe botiaua . 
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at an angle (a) ; the string passing over a pally at the top of the 
inolined plane hangs Tcrtically, supporting a weight {P). Shew 
that the beam will rest in any position if a certain relation hold 
between P, W, and a. 

LXXIX. A cylinder, the base of which is in contact with a 
smooth vertical phme, is supported by a string fastened to it at a 
point of its curved surface whose distance from the vertical plane 
is X. Shew that x must be intermediate in value to 5 - 2a tan tf, 
and h, where 25 is the altitude of the cylinder, a the radius of the 
base, and the angle which the string makes with the vertical 

LXXX. A flat board in the form of a square is supported 
upon two smooth props with its plane vertical; investigate aa 
equation for determining its positions of equilibrium, the distance 
between the props being equal to half a side of the square. 

The equation required is cos ^ - sin ^ = cos (2^ + a), where a is 
the angle which the straight line joining the props makes with 
the horizon, that which one side of the square ULakes with the 
same. 

LXXXI. A pack of cards is laid on a table ; each projects in 
the direction of the length of the pack beyond the one below it; 
if each project as far as possible, prove that the distances between 
the extremities of the successive cards will form an harmonic 
progression. 

LXXXII. A uniform slender rod passes over the fixed point 
A and under the fixed point By and is kept at rest by the friction 
at the points A and B; determine the limiting position of equi- 
librium. 

LXXXIII. Four uniform slender rods AB, BO, CD, DA, 
rigidly connected, form the sides of a quadrilateral figure, such 
that the angle ^ is a right angle, and the points B, C, Dsie 
equidistant from each other ; when the whole is suspended at the 
angled, determine the position of equilibrium. 

LXXXIV. A uniform bent lever, the arms of which are at 
right angles to each other, is just capable of being inclosed in the 
interior of a smooth spherical surface ; determine the position of 
equilibrium. 

It will be seen that the plane of the lever must be vertical, 
so that the directions of the forces will all lie in one plane. 

LXXX V. Two unequal weights, connected by a straight rod 
without weight, are suspended by a thread of given length, 
fastened at the extremities of the rod, and passing over a fixed 
point; determine the position oi ec^uVLvbrium. 
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LXXXYI. A piece of uniform wire is formed into a triangle ; 
find the distance of the centre of gravity of the periphery of the 
triangle from each of the sides ; and shew that if x, y, z he the 
three distances, and r the radius of the inscribed oirde, then 

4a^ - 1^(05 + y + z) = r*. 

LXXXVll. A uniform rod of length I is cut into three 
portions a, h, c; and these are formed into a triangle. When the 
triangle is placed in unstable equilibrium, resting with its plane 
rertical, one of its angular points being supported upon a smooth 
lorizontal plane, find the angles which the uppermost side makes 
iith the horizon ; and shew that, if a, /3, 7, be the three angles 
Mrresponding to the several cases of a, h, c being the uppermost 
dde, then 

(Z + a)tano+(Z+6)tan/3+(Z+c)tan7=0. 

LXXXVIIT. A smooth body in the form of a sphere is divided 
into hemispheres and placed with the plane of division vertical 
upon a smooth horizontal plane ; a string loaded at its extremities 
with, two equal weights hangs upon the sphere, passing over its 
liighest point and cutting the plane of division at right angles; 
Knd the least weight which will preserve equilibrium. 



THE END. 
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i>. 6d. 

BliDCEETmS, racognovit E. A. J. Mdnbo, A.M. ii. 6rf, 
U.LDSTI CATILINA ET JUGUETHA, ei racen. 
^so G. LoNO, A.M. u. 6d. 

tDCYDIDEB, recensuit J. Q. Donaleson, S.T.P. 

iVola. 3«. 6d. each Vol. 
KEGILIDS, ei racenBLooB J. COHIKQTOH, A.M. 31. 6d, 
pIENOPHONTIS EXPEDITIO CYEI, 
Maouobael, A.B. 21. Od. 
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4 MATHEMATICAL TEXT BOOKS PUBLI6HBD BT 

AKITHMETIC AND ALGEBRA. 

A ritlmietic for the use of Schools and CollBge& 

By A. WRIOLET, HA,, trolBoot of MallKmaUa In the lUa Boyd 
Hililuy OollcieQ, AUdiscombe. to. Sd. 

Principles and Practice of Arithmetic. By the Eat. 

■■• KEY. with QuiBlioiislDrEumiiutiDQ. Second EillUDD. tt. 

A Progressive Course of Examples iu Arithmetio. 

Wtth Aiuiren. By Ibe Bar. lAMEB WATSON, M.A.. dT Corpu 
GfaiiBU Ocrllpge. CjuDlffidgB. Ajid FDrmeriy Sstihir 



Elements of Algebra. By the Rev. J. Hind. Sixth 

BdlUon, reilKd. Ml pp. Sya. loa, td. 

Treatise on the Theory of Algebraical Bqnatiou. 

^UuBOT.J. BTUBRS.O.S. Third fidlUon. gvo. IK. td. 



TIUGONOMBTBY. 

Trigonometry required for the Additional Sulged 



mtary Trigonometry. By T. P. HuBSOHi | 

..PeUawarTrinlly CuUege. tt.«it. 



Syllabus of a Course of Lecturea upon Tnganfr-J 



DB1GHT05, BELL AND CO. OAMBRIDGB. 



MECHANICS AND HYDROSTATICS. 

Eechanica, required for the Additional Subjects 

Degree. Bj J. WDOWELJ., M.A., PonlirolM CuUegB. Cnmn 



taaeattaj Hydrostatics. By W. H. Besant, 

X.A, Lala Fellow or SlJoliD's OoUege. Fcp-Sto. ii. 

iliDieiitaly Hydrostatics for Junior Students. By 

■«. POTTHE. M. A. iBK Fdlaw ot ftneens' GollcRo, Cwnbridge. Prett 
rf Rktuti^ PfaQoeuiih} Bud AnroDomj in Ualvonily Csllcgt, Lodi 

ta Propositions in Mechaoica and Hydrostatics 



citiajucal Euclid. Containing the Elements of 

■echuilcs »nd HytlnnUtici. By Uie late W. WHKWKLL, D. 



Sementary Statics. Bythe Veiy Rev. H. Goodwin, 

D.D. Dean ol Ely. Fcp, 810, clulh, Si. 



Treafase on Statics. By the Rev. 8. Earnbhaw, 

kA. Pnirlh EdlUoD. Sro. lOi. 

^fn&mics, or, a Treatise on Motion. By the Rev, 

■. KARUaUAW. Tliird BiUUoD. iwo. 111. 

Treatise on the Dynamics of a Rigid Body. By 

•eW. W.N. GsiFFiN. a™. ei.M. 

•(• SObDTIONB OF TUB E3AMPLBS. Ho. 



C MATHEMATICAL TEXT BOOKS PnBLIBHED BY 

Problems in illustration of the Principles of Theo- 

Kticai Mufaula. B; W. WALTOK, U.A. SKonU EdUiOD. Sn. !!>■ 

Treatise on the Motion of a. Single Particle and 

DftwsPuIIiJnKIiDgddonaiuiuttaer, Dj A. SAMDBHAN. Btol 1/.U- 

Of Motion. An Elementary Treatise. By the Rev. 

J. B. hVSS. H.A. Eellaw imd Iddy Sulldr'i LKtuter or St Jalut 
CoUngp. 8vo. 7i, M. 
Cbspteil, OeDrailprhidpkiar>elodt;BndMgelantion. dAptall. 









FolU^on DlpartioLE& Appfudije. Of the Ojdo^d. 

Trcfitiae on Hydrostatics and Hydrodynamics. By 

W. a. BEBANT. UA. Svo. u. 



Problems in illustration of the Principles of Theo- 

" ~ " ~ " B7 W. WALTOH, K.A. 



Collection of Elementary Problems in Statics and 

Uynudo. Dedgned for GondidAtefl Tor Hoddqii. Bnl timfl dijib By 
V. WALTOH, H. A. Sto. lOf. ed. 

CONIC SECTIONS AND ANALYTICAL 
GEOMETRY. 

Elementary Analytical Geometry for Schools and 

Begliii»n BjT, O. VYVYAN, Pellnw ot OanfiUo iod Ciiiui Oolloge, 



Trilinear Co-ordinates, and other methods of J/btf^m 

.^tfulyHoot Oamrlry al Two DiiDDiulDni. Bj th* Ber. W, AliLKN 
WHrrWORTH, H.A.. FiarenoF oF HiUwnUJa In Qixtni-i OollKi. 
LlToipool, ud Ula BcholBT of B( Jobo't CoUego, OunbHliga. gto, Itii. 



DBIGHTON, BELL AND CO. CAMBRIDGE. 

An Introdnction to Plane Co-ovdiuate Geometry. 

BjW.P.TirimBT:LL,ld.A.Fel]owo(TrialtlCnllpgo. e»o. lii. 

Elementary Oeonietrioal Conic Sections. By W. H. 

BB8ANT. M. 4.. Law FbLIqw of SlJohn'i C 

Conic Sections. Their principal Propertiea proved 

Oamielrically. BjUieluwW. WUEWZLL. D.n. Muter of Trinit;. 
ThinI BrUlioD. Sto. ii. M. 

Ls Gleometrical CoiiBtruction of a Conic Section, 
m Conic Sections. By the Kev. J. Hymers, 

D.D. Third Ediliaa, Sva. Pi, 

Treatise on the Application of Analysis to Solid 

Otametry. By D. F. OSEOOEr, M.A. «nit W. WALTON, "" 
Saonul EdUloD. Sn. lit. 



. Treatise on Plane Co-ordinate Geometry. By 

■ba Kn. U. O'BBIEH. aro. U. 



Analytical Geometry of Thrct 



iblems in ilhistmtion of the Principles of Plane 

Oo-oi^iula OoomrU?. By W. WALTON, H.A. 8va, ISi. 



PIFFEEENTIAL AND INTEGRAL CALCULUS. 

An Elementary Treatise on the Differentiiil Calcu- 

lUL ByW.H. MILLER, M.A, Tblrd Edlllon. Sra. &. 

treatise on the Differential Calculus, By W. 

WALTON. H.A Sro. ICrM. 



8 MATHEMATICAL TEXT BOOKS PUBLISHED BT 

A Treatiso on the Integral Calculua. By the Ber. 



Examples of the Frinciplea of the Differential and 

iDtepsl Cslcutni. Collected bj D. F. GREOOXT. Sannd E-lUs*. 
BdlleiJ by W, WALTON, K.A. 8vo. JSi 



ASTRONOMY. 

Elementary Treatise on AstroDomy for the i 



Practical and Sphevical Artronoiny for the i 

chiefly d( eiudenU In the DolTei^tlea. Bj Uie Ber. B. Kuji, II 



Erlinnow'B Spherical Astronomy. Traoslated 1^ 

tbe RcT. R. MAIN, M.A. F.E.a RadriUtB Obsor.tr, Piirt. L IB- 
cluding IhD Chaplvn on PanllAi, ficfTiictlan, AbtMtHiou, FrvnaJoDa 



Elementary Chapters on Astronomy &om th# 

"Anronouile Fbytliiue'' or Blot Bj Uio Vaqr B«. HASTBX 

GOOCWIN. U.I>. DeoantElj, Sro. Si. Bd. 



Lectures on Practical Astronomy. By the IW. J, 

CHAi.LIS. M.A.. r.R.3., F.B.A.a„ Plumlsii Profimii dT Ihs UbItw< 




J 



DEIGHTON, BELL AND CO. CAMBKroGE 9 

Choice and Chance. Two Chapters (if Arithmetic. 

with an AppontUi wntdnlng Ibe AlgcbraicsLlnuilmciitor Penuntitiona 



WHITWOWTH, M.A., FntOwi of MnUicmi^tlci iD tuwDI College, 
UnrpsoL Cnn gm. tU. Sd, 

Exercisea oa Euclid and in Modem Geometry, 

coDUiDlcg AppUratlDiu oT (ho Frlnclplo Bad Froraran of Xaiaa 
Pur Otoaieai. B; J. »eDOWai.L, H.A., F.K.A.S., FembrDke CaUege. 

Elementary Coui-se of Mathematics. I>esigned 

priDdpAllr ror StudeDlB of Ihe Unlvcndty of Cinibtidgs. By Uie Terr 
Bn.HABTBV OOUDWIN. I).i>., Denn ol Klv. SliUi lldiiioD, n- 
rtBd uid enlnrgBi by P. T. MAIN, M.A., Fsllow of St JthD's Col- 
teje, OvnbiMge, svo. ISi. 

problems and Examples, adapted to the " Elemen- 

ury COBTMof Mathramtlffl.- ErBAHVEV GOOUWIN. D.D. Seu 
of Ely. Tliint Kdiaon. reirised, wUU AddiUnmU IfiiunplH In Conk 8ee- 
UooiMdNawlon, By TH0MA80. VlfViAH, M.A. Fellow of Oim. 
HUe aod Cwiu College. Sio. b. 

loluttons of Goodwin's Collection of Problems and 



I Collection of Examples 
Bielk, Algflbnh, Gwmeiry, lio^ 



id Problems in Arith- 

lio^iithmB, Tfigimomelry, Ootili^ Sectiodi, 



A Companion to Wi-igley'a Collection of Examples 

HHhodiofSaluDon. ByJ. PLATTS.HHt.. udUiaBsv. A.WR1GLEI, 
M.A. Bto. W. 

Newton's Frincipia. First Three Sections, with 

AppMdli, uid tbB Ninth uid menBlh ShUoul B^r th« Ra>. J. U. 
ZVAMS. U.A. Fuunh Edition. S>a. Si. 

Series of Figures Illustrative of Geometrical Optica. 

Itoo SOHKLLBAOH. Bj th( Bar. W. B. HOPKINB. FIMn 
lollo. 10.. (W. 

A Treatise on Crystallography. By W. H. Miller, 




10 DEICHTON, BELL AND CO.'S PDBLICATI0N8. 

A Tract on Cryatallography, designed for Stu- 

rolo^ln thoUnivenlly af OuQbrldge. Sv& fii, 

FhyBical Optics, Part II. The Corpuscular Theory 

ol Liglit diKiuKd MmhsaiBUaUj. By EICHABD POTTBB. SLA. 
Lale FelLoir et tjueeni- College, Cembrldge, PiofMBOr pr Batumi Plill»- 
■optir Bad Aatronomj In UnlTonltj Col]eg«. LoDdob. U- 6d- 



The Greek Teatament : with a critically reriaed 

leit ; ■ Digal of TbKqiu Rudingi : UBreinil Rvfenncei w Tvbiil uA 
IdlQnmLla Diage; Frolegumona ; and b Crmiw] and Exegmlcml Ctaa- 
menUaj, For tbe use ar Thsologieal BtudenM aud Mlnliten. UJ 
HENRI AlFORD, D,D. Dean of Oanlettiotj. 
VoLI, FiftbEIUllon, coDUUnlng the Four Qiwpole. U.gt. 



I. tV. Fart 1. Third EdWon, o 



aodStJude, audlb 



Codex Bezte Cantabrigienais, Edited with Prolo- 

gomem, NoUg, aad Facilmllc*. By F. H. BCRITENBB, HA. 



WieaeWa Chronological Synopsis of the Four Oo»- 

pelL InailatedbyUieRer. H. VEHABLBa. M.A Svo, ISt. 



" Thii trp-portamly maj properly be token or eapedally recornma 

Qvontfl fn the Q»pe] hiaLary . A TniTiBlAtlon of It i 

be a very irelconie idd lo the general roadur,"— Zljj. EIHwtTt Lif 
Uira on thi life Iff OUT Lord. 



Bentleii Critica Sac 



aod LatlD Teit or tbe Nen Tialiiniont. aitoBcttd 
tisa. bi Trinity CnlleBu Library. Wtlfa tli« JbM 
II dI the VatlsD Hi., a qterimun ot BBitl^<i la- 
id an flccouM of all bis CoHbUom. Edited. wHk 
Lbe nailer and Scnlan, by the Rei. A A BLLIft 
ot Trinity College. CuDbriilBe, Sto. Bi, Bd. 




DEIGHTON. BELL AND CO.'S PUBLICATIONS, li 

'A. Companion to tlie New Testament. Designed 

r Uie use o( Tlisolngicol SludonU and Hie (Tjiper Pom 

A general Introduction to the Apostolic Epistles, 

Wllh ■ Table of B( Fuill TravsJs, and an Egsay on Ihe Stale artcr 
DeaUi. Sicmd EdUlon, cnlamet. To tMiSi an added a Fen Wurdi 
on Ihe Attuuuulan Creed, en JusUHcattoii b)- Paitit, and on the NinUi 
ud Beventeenlb Artlclu nf tbe Ckutidi of EiiBliuid. B; A BISHOP'S 
OHAPLAIH. Bvo. Si.Bd. 

^□tier's Three Sennona on Human Nature, and 

DlHenatlon on Tlrtiw. Edilcd bythelalc W. WHBWELL, D.D. With 
ttPrebceandaSyllnbiuartbeWork. Tblid Gdlliaii. Fcj. Svo. St. 6d. 

Ln Historical and Explanatoiy Treatise on the 

Book of CnmiDon Prajpr. Bj- W. 0. IIUMPHBT, B.D, Tbbil 
Bnd CheapoT Bditloa, reviieii ud calariied. Fnip. Svo, 4i. Sd. 

'Annotations on the Acts of the Ajiostles. Ori- 

OiiBege and BeaaU-nania HiaffilDHllan Fapera. B; lbs B«y. T. H. 
HABEEW, JLA. Second Edition, enlarired. ISino. Si. 

'An Analysis of the Kxposition of the Creed, writ- 
ten bj (he Bluhl Rcrnead FMher in Ood, J, PEAHSO^, D.D. lata 
IfOrd Biabap of Cheater. Compiled, with soma additional matter octa- 
tfunallj inter^peracd. for Uto me of Sludenre of Bishop's OoUi^, On]- 



'Hinta for some Improvements in the Authorised 

Voirionorihs New Testament. Bj Ibe laW J. SCH0LBFIEI.D, M.A. 
Vonrlh Edition. Pcap. Sto. ti. 

. Plain Introduction to the Criticism of the New 

of Biblloal Sludonte. Bj F. M. BCEIVENKU. M.A. Trinity CoUege, 
OudbrldBO- ^nJ. 1^. 

'The Apology of Tertullian. With English Notes 

■ndi Fnbea. InlendeiliuaD Introduction to tlie studs' of Fatrlitiial 
Lalinlty. By H. A. WOODHAM, LL.D. Becond 



^E^li;rlna, Translated into English Prose, by 

- A. VAhZJ. JB.A. Kdltor of the GHiefcTBiL Sro. H.W, 
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CLASSICAL. BOOKS PUBLISHED BY 
a. Revised, emended, and explained, bf 

a. A. J. HimBO. I(.A„ Stsilow or Tijnitr Collegs, Cunlnldge- 
SmSi.Od, 

Ariatophania Comoediie UDdeciin, ciua Kotis «i 

OnoamHtco, bjr (be Rn. B. A. Qoidu, LUD., Ueiul-Muler of 
Ipiwlch Sctiwil, laU Fellow ini! Anitlant Talur uF Trinil]; CDlleg*. 



Th 


PUyi «p«™ieLy, U 


l..M.iiodtiwii. 


Demostlien 


a, the Oration 


ugainst the Law of Lep- 




EJilod by E 




Fella» or Pcmbnke OoU^ve, Cun- 


brldgE. Sem 






Demosthen 


^ de Falsa Legatione. Third Edition, 


carofuHjran 


Hd. B,R,9HH.LBT0,A.M. g.0. B., M. 




.B. Select Private Orations o£ After 


LhB leil nS DINDOBF. with Ihe 


raHou> R»diDg| or KSIBKE mi 


BEKKBE. 


With EdbUJi NoKS. 




PBNKOBK, 


*,«. 8™adBd!llon 


EeriMi ■nd conKleiL Itoo. tL 


Euripidea. 


Fabulffl Qnati 


or, acUicet, Hippolytui 


Oorudifor.A 


»u>,ii,ue«ti>ii>Au 


UdMphiEeniB la TsuriL Ad Moo 



Initruiilj. H. UONE. B.T.F. EdlUoDuVL Bto. 13i. 
etparaUSy—KlppolfXat, 8td. r)gUi, fii. ; AlcuOi. Gtd. Kwtd, If. Sd. 

Lucretiua. With a literal Trauslatioa and Notes 

CriUal and Eipbnitory. by the Rev. H. A. J. MONRO. liLA. f glltm 
oT triatty College, Csmbrirleg. aoaiDd GdlKon, revised UuoiwDont 

Plato. The Gorgios, literally translated, with an 



K U. COP£, M.A. Felloiv oT TilDlty CDlltgc, Cunbrfdgo. Svo. Tj. 

Plato, The Protagoras. The Greek Text, with 



f. BjW. WATTB. H.A. Svo. If . (d. 

Aulularia. With notes, CritictC and 

. WAOMBB. Bio. »i. 

Aidularia. Ad fidem Codicum qui in 



leupleu Initnult J, UILDYABD, A.M. 



aOHTON, BELL AND CO. CAMBRIDGE. 13 
Plautua. MeniechmeL Ad Gdem Codiciim qui 

Propertius. The Elegies of. "With Engiiab Notes, 

ILA. With copiDui IndidM. lai.td. 

Verae-Tranalationa from Proijertius, Book V. "With 

■ BeYiKdLjUlnT'eil.uid BrlerEDgUih Kolet. By f , A. FALEY. H.A. 
EdlUtufPniiienliu, OvJd'iFi«i, Ac, Pcp.eio. Si. 

Theocritus, recensuil brcvi commentario inatruxit 
A Complete Greek Grammar. For the use of 

BtuikiitL By the lita X W. DONALDSON, D.D. Tliird EdlUon, 
oomlderabLT onLftTBed. Svo. IGt- 
WUhoul tiolng fermiillj bamd on nnr Ghthui Worli, 11 bat bmu writ- 

A Complete Latin Grammar. For the use of 

BludenU. B; Ue lola 1. V. DONALDSON. D.D. Third EdiUoD, 
oofuidarabij eaitrgol. Sto. llf , 



yarrDiii»niia. A Critical and Hist-orical Introduc- 

Hob u Um KUmogRpli/ ol Andcnt lUlf , and lu the FhUoLu^cil Study 
dj Iba LaUu Uui(uaa«, Bf the IhU J. W, DOHALDBON, D.D, 
Third EdlMn, nvlHd and conildermbl; enlariwl, Biu. ISi. 

The Theatre of the Greeks. A Treatise on the 

BlitorTiuidBiblbteiniaf (lieOroct Dreiu: vlUi vaHooi auppJonmU. 
Br (he EaU J. W. DONALDSON. D.D. SthiIX KiUHoi. irtia.il. 
•BlirKed, and Is pan nmodslled, wllh mmicroui llluiDalioDi rrom 
Itie Imi andoit authorltiei. ita. lu. 

dassical Scholarship and Classical Learning con- 
urn (a CompDUlIn TbM aod DnlTsnUy 
Teachlor- 



U DEIGHTON, BELL AND CO.S PUBLICATIONS. 

Sopbocles. The CEdipus Coloaeus of, with Notew, 

bamiei prmdpallj la Eiplain wid iWeod the Teil of Ihe nwon- 
BOripta H cpppoKd (g coniccdml gmoa datiMK^ B; the BeT. O. B. 
PALKER, H.A. Si. 



Translations into English and Latin. By C, S. 

CALTBBLBY, laU Fdloo of ChriM'i CaUcgs. 



P. Virgilii Maronis Opera edidit et syllabarDm 

qiuutilala Ddio « que tsdU mndo nnUiTil Thanw Juntt, tLA Ud- 
guK UelKssitpad CanUbriBiEDKa ProlewH Rcgliu. Ui. 

Axundines Carai : atve Musamm Cantabrigiensium 

LUHu Cuori. Collect ktqiw ed. H. DBUBY. AH. Edltia qninbL 

Foliorum Silvula, Part the first. Being Passages 

Eor Tniuklioii inlo LiUq Eloguc Knd Heraic V«i». EdlMd Killi 



Foliorum Silvula. Part II, Being Select Passages 

lor TnuuLUiim inlo Lulls L:nlc mod Cgniic luibic Tcne. AmngBd 
■nd «UI«t by Uie Rer. HUBERT A, nOLOBN, LL.D. Third 

Foliomm Silvula. Part III. Being Select 



Folia Silvulie, sive Eclogie Poetamin Angjlconun 

K quu dBpasnlt, HEBEMTITB A. 



HOLDEN. LUD. 1 



Foliomm Centarite. Being Select Passages ibr 

nunUHon Iqla LkUa tut Greek Pmw, Amaged ud nUM I7 
^^■ppB**. HUBERT A BOLDEH, LL.D. TbirdEdiljDD. FeitSTD. 81 



', BELL AND CO.'S PUBLICATIONS. IS 

inedy (Rev. Dr). Progresaive Exercises in Greek 

Eipd p»hc«l by II tlion Accouut ot the laiubic 
IreekTrn^y. For the uk orscliooli ami FrlTnM 
Itred hdd nviBcd, 8to. S*. 




e Previous ExaminatioD, 
mbridge Examinattun Papern. Being a Supple- 

" unbridle UnivenLly CBlnndu, 1BS9. ISidd. ti. 
CanUinlag Uioie KlforUieTjrwbltl'iIIe)iri.'W SchoIuiUps.— Thw- 

DiaUokl TiiiHn— Ilia OnUiinrj B.A. Segree— Smllb'i Fiiie,— Cnl- 
Tcnlty Bcbuliuabliii.— ClBsdcsJ THpos.— Moral Suuacei Tripoe.— 

Ejiapjipa^Dii' With LIsU of OnliDOry Degretn, and of tbou irbo hara 
paufid tba Proiioun and TbeirlDglcal ExamitiatJom. 
nw SxamOuMon Paperi <^ vm. price 2i. <M., ldS7 and i. ii. sdL each. 

A. Manual of the Roman Civil Law, arranged 

tmrdliig 10 tho BrlUbm of Dr HALLIFAX. By Q, LEAPINO- 
nxLL, LL.D, ileu^edrorlbB hue or Ktudeuu in Uio UnlicnlUiB ud 

The Mathematical aiid other WiitiDgs of ROBERT 

LB^LIB ELIJB, M.A., lale Fellow ol TrinllT Colleife, Cambridco. 
BdUed by WILLIAM WALTON, M.A. Trinity College, ollfa ■ 
BloKtaphkal Memoir by Ha Yeiy Bcerend HAXVBY QOODWIN, 
D.D. SeviotUly. e>a, Iti. 

Lacturea on ihe History of Moral Philosophy in 

Mailer ot Trinity 



fluAddUlmal Lrilurei an prfntttf trparalelr in oaamfar llie cBmn- 
DJfMiii/fAiMiMolnivpiircAaKdlAf/ums'fUJlwn, PrtaU.M. 

A OoDCise Grammar of the Arabic Language. Re- 









B, W. J. BBA. 




« ot Trinity 


Colics*, Camb 






»!■., Oai 


.bridge, woiii 


auFrlndpil 


ollb 


EnEllm Coiletis. 



A Syriac Grammar. By G. PHILLIPS, D.D., 

Fiuldont or qiwani' CBUige. Thlid EdlUoD, mlKd and anluged. 
Bw. T<.W. 




Now ready, fcap. 8iw. price 5s. 

€bt Mutit}\t*& igiiftie to tin ©nibcrsftp 

SECOND EDITION, REVISED AND CORRECTED 

IX ACCORDANCE WITS THE RECENT 

REGULiTIONS. 

Contents. 

Introduotiob, by J. R. Sbblbt, M.A. 
On UNWBBaiTV BsPENSBa, by the Kbt. H. Lathast, M.A. 
On thb Choice of a Colleoe, by J. R. Sbei.ei-, M.A. 
On the CotritsB op Rbai>ihg poe thr Mathematical 

Tripos, by the Rov. W. M. Campion, B.U. 
Cm the Coraae op Rbadinq for tub Classical Trifob, 

by the Rev. R. Burn, M.A. 
Ok the ConBBB op Reading fob the SIorai. Soikmceb 

Tripos, by the Re?. J. B. Mayor, M.A. 
On the Course of Rbadino pur this Natural SaiERci» 

Tbipob, by Professor LiTEiNa, M.A. 
Oh Law Studieb and Law Dkorbes, by ProfesBor J, T, 

Abdt, LL.U. 
Mbdioal Stuby and Degrees, by 0. M. Humphry. M.D. 
On Theoloqical Exahinationb, uy Professor E. Harold 

Browne, B.D. 
The Ordinary (or Poll) Degree, by tlie Rev. J, R. 

LUMBY, M.A. 

EsAMiNATiosa poR THE CiTiL SERVICE OP India, by the 

Key. H. Latham, M.A. 
Local Examinations of tbb Univerbitt, by H. J. 

BoBY, M.A. 
DiPLOMATio Sbrvicb. 
Detailed Aocoitnt op the Several Collbbhs. 

"Partly with the view of aaeigting parents, puardlaaa, 
Bchoolmiisters, and students intending to enter their nainca alt 
the Univsnity — purtlj fdao for the benefit oF undergraduatea 
themselves — a very complete, though oonciae, volume haa rast 
been issued, which leaves iittle or nothing to l>e desired. For 
looid arrangement, and a rigid adhBreQce to what is podtivaly 
Daeful, we know of tew manuals that couhi compete with this 
Student's Guide. It reSecta no littla credit on the Univernty 
to which it supplies on unpretending, but complete, iotro- 
dnctioD." — Satuhdai Rbvikw. 
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